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Abstract. We consider the time and space required for quantum computers to solve a wide3
variety of problems involving matrices, many of which have only been analyzed classically in prior4
work. Our main results show that for a range of linear algebra problems—including matrix-vector5
product, matrix inversion, matrix multiplication and powering—existing classical time-space tradeoffs,6
several of which are tight for every space bound, also apply to quantum algorithms with at most7
a constant factor loss. For example, for almost all fixed matrices A, including the discrete Fourier8
transform (DFT) matrix, we prove that quantum circuits with at most T input queries and S qubits9
of memory require T = Ω(n2/S) to compute matrix-vector product Ax for x ∈ {0, 1}n. We similarly10
prove that matrix multiplication for n× n binary matrices requires T = Ω(n3/

√
S). Because many of11

our lower bounds are matched by deterministic algorithms with the same time and space complexity,12
our results show that quantum computers cannot provide any asymptotic advantage for these problems13
with any space bound.14

We obtain matching lower bounds for the stronger notion of quantum cumulative memory15
complexity—the sum of the space per layer of a circuit.16

We also consider Boolean (i.e. AND-OR) matrix multiplication and matrix-vector products, im-17
proving the previous quantum time-space tradeoff lower bounds for n×n Boolean matrix multiplication18
to T = Ω(n2.5/S1/4) from T = Ω(n2.5/S1/2).19

Our improved lower bound for Boolean matrix multiplication is based on a new coloring argument20
that extracts more from the strong direct product theorem that was the basis for prior work. To21
obtain our tight lower bounds for linear algebra problems, we require much stronger bounds than22
strong direct product theorems. We obtain these bounds by adding a new bucketing method to the23
quantum recording-query technique of Zhandry that lets us apply classical arguments to upper bound24
the success probability of quantum circuits.25
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1. Introduction. Matrix computations are among the most fundamental compu-28

tational problems and are critically important in areas such as numerical and scientific29

computing, optimization, and machine learning. If quantum computers can be shown30

to have a significant advantage over classical computations for these types of problems31

then it would open up a wide range of applications for such devices.32

Prior work has shown that non-standard versions of matrix problems may indeed33

admit exponential or large polynomial quantum advantage: For any efficiently im-34

plementable operator M , the HHL algorithm of Harrow, Hassidim, and Lloyd [28]35

(with the improvements of [21]) can efficiently ϵ-approximate the value of x†Mx for36

the solution x of a well-conditioned linear system. However, it is important to note37

that this algorithm requires the input to be presented in an unconventional format.38
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2 P. BEAME, N. KORNERUP, AND M. WHITMEYER

Many extensions of the HHL algorithm have also been proposed that can be39

elegantly described in the quantum singular value transform (qSVT) framework first40

described in [33] and popularized by [24]. Despite initial hope of exponential speed-up,41

a series of papers by Tang and co-authors, and others (e.g. [44, 19, 20, 23, 8, 18]) has42

shown that, by providing classical algorithms a comparable input format to the HHL43

algorithm, these quantum algorithms can be replaced by classical ones with only a44

polynomial blowup in the running time, although this polynomial is not always small.45

This body of work still begs the question: What is the conventional quantum46

complexity of standard classical problems like explicitly computing linear-system47

solutions, multiplying or inverting matrices, computing matrix-vector products, and48

computing the low rank approximation of a matrix?49

By the polynomial method, we know that computing a single inner product50

(or parity) of n-bit vectors requires Ω(n) quantum queries [9], but linear algebra51

computations generally involve Ω(n) or Ω(n2) such computations. Sherstov [40],52

generalizing results of Klauck, Špalek, and de Wolf [31] for the OR function, gave a53

strong direct product lower bound for quantum query complexity proved using the54

polynomial method, which yields strong lower bounds for inner products involving55

many disjoint input vectors. However, the matrix problems in linear algebra are very56

far from direct product problems: The vectors involved are highly correlated with each57

other, so this prior work does not shed light on the key question of whether quantum58

algorithms provide any advantage for general linear algebra.59

In this paper, we resolve these questions for quantum computation of a wide60

array of linear algebra problems, proving lower bounds for quantum computation that61

are asymptotically the same as the best classical lower bounds. Since many of the62

problems also have deterministic algorithms whose resource usage matches the lower63

bounds, our results show that there is provably no asymptotic quantum advantage at64

all in solving these linear algebra problems!65

As with the study of classical computation involving super-linear time lower66

bounds, we consider quantum algorithms in which we limit the number of qubits of67

memory and hence produce quantum time-space tradeoffs. That is, for each fixed68

bound on the amount of memory allowed, we derive asymptotically the same time69

lower bound for the quantum algorithm as one would get for the time lower bound on70

classical algorithms with the same number of classical bits. In many ways, quantum71

memory is an even more critical resource than classical memory since it is a measure72

of the maximum number of qubits that maintain coherence at any time during the73

algorithm’s execution. For this reason the first general-purpose fault-tolerant quantum74

computers will likely have very limited memory and only be able to execute low depth75

quantum circuits. As such, it is crucial to consider both the time and space complexity76

for quantum algorithms.77

We prove our lower bounds for quantum computation in a query model where78

algorithms are able to perform arbitrary input-independent unitary transformations on79

their state between quantum queries to their input. This is a sufficiently general model80

that our lower bounds also apply to any reasonable model of quantum computation—81

including quantum circuits where the (classical) input is stored in quantum-readable82

read only memory (QROM).83

The keys to proving our time-space tradeoffs are new results that yield much84

stronger lower bounds than strong direct product theorems for matrix-vector products85

and matrix multiplication. While our bounds have the same form as strong direct86

product theorems (the success probability decays exponentially with the number of87

outputs), they also apply with almost completely overlapping sets of inputs, in contrast88
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to the disjoint inputs that are necessary to apply direct product theorems.89

While there is a large body of work proving strong classical time-space tradeoffs (e.g.90

[45, 17, 46, 16, 3, 4, 10, 34]) and a large body of work analyzing unrestricted quantum91

query algorithms versus their classical randomized counterparts (e.g. [22, 15, 41, 9, 6,92

43, 42, 39]), there are just a few previous papers that analyze the quantum memory93

required to make use of these quantum queries. Klauck, Špalek, and de Wolf [31]94

extended the classical method of Borodin and Cook [16] for proving time-space tradeoffs95

to quantum circuits using a new strong direct product theorem for quantum query96

algorithms computing the OR function. They showed that algorithms making T97

quantum queries and using S qubits of quantum memory require T = Θ(n1.5/S1/2) to98

sort lists of length n, and require T = Ω(n2.5/S1/2) to compute n× n Boolean matrix99

product. Ambainis, Špalek, and de Wolf [7] extended this direct product approach100

to 2-sided error algorithms computing k-threshold functions which allowed them to101

produce similar trade-off lower bounds for systems of linear inequalities/equalities102

(though these have the drawback, unlike the other results, that the hard function for103

space S depends on the space bound). This approach, based on an extension of the104

adversary method using eigenspace analysis, was very difficult to apply.105

As a result, further study of quantum time-space tradeoff lower bounds languished106

until it was enabled by an idea of Zhandry [47] who, motivated by understanding107

quantum algorithms interacting with random function oracles, developed an approach108

to understanding quantum query algorithms using a compressed oracle and Fourier109

analysis. This views computations in a recording query basis that allow one to keep110

track of a quantum query algorithm as a superposition of basis states that have111

a natural classical query interpretation. It has been applied to finding multi-way112

collisions [32] and to inverting a random permutation [35]. This greatly simplifies113

the analysis of quantum query algorithms and can be applied to many lower bound114

methods that use randomly chosen inputs rather than being limited to cryptographic115

applications.116

Extending Zhandry’s approach, Hamoudi and Magniez [27] applied an even cleaner117

expression of the method, using phase oracles with the recording query basis rather118

than Fourier analysis, and extended it using biased random inputs to derive query119

lower bounds in a regime of exponentially small success probability. They used this to120

obtain time-space tradeoff lower bounds, proving that any quantum algorithm that121

finds K disjoint collisions in an input of length n with T quantum queries and S qubits122

of memory must have T = Ω(KN1/3/S1/3). They also re-derived the earlier sorting123

lower bound using this method.124

Our linear algebra lower bounds and methods. Time-space trade-off lower bounds125

for linear algebraic problems were among the first to be studied for classical compu-126

tation [46] after the first bounds for sorting. The strongest classical results are due127

to Abrahamson [4] who developed a powerful general method based on matrix rigid-128

ity. This yields state-of-the-art lower bounds for computation of Fourier transforms,129

convolution, matrix-vector products, matrix multiplication, matrix inversion, matrix130

powering, and linear system solving. The lack of any analogous results for quantum131

computation has been a substantial gap in our understanding1.132

Our results show that all the linear algebraic time-space tradeoff lower bounds133

1Over a field of more than n elements, one can reduce n× n Boolean matrix multiplication to
ordinary multiplication of 0-1 matrices but the lower bound is inherently too weak because in the
Boolean case each output bit is a disjointness function of its inputs and hence can be computed using
only O(

√
n) quantum queries using Grover’s algorithm ([25]).
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shown by Abrahamson [4] also apply to quantum computation even when the quantum134

circuit can adaptively decide when to produce output based on the observed input2.135

Since many of these classical lower bounds are tight, our results directly imply that136

there is no hybrid classical-quantum algorithms with a polynomial advantage for these137

problems unlike the query bounds for search and collision finding in [26]. Using the138

generic results in [12], we also prove asymptotically equivalent lower bounds on the139

stronger notion of quantum cumulative memory complexity for these problems. We140

include a table of our time-space tradeoff lower bounds in Table 1.141

As discussed already, we need a much stronger lower bound method than any142

derivable from strong direct product theorems. We do this by the adding new ideas143

to the compressed oracle/recording query approach of Zhandry [47] as extended and144

applied by Magniez and Hamoudi [27]. Thus far, the compressed oracle method has145

used a two-step pattern: First, identify a notion of unusual progress of a quantum146

algorithm towards a solution (i.e., the partial information so far is more determinative147

of the answer than one might expect) and show that the total amplitude of states148

where this occurs is small, Second, show that the total amplitude of the quantum149

states where many outputs are produced without unusual progress can be bounded;150

this latter part has used ideas with classical analogs that can be applied by breaking151

the algorithm’s final state into mutually orthogonal components, each with small152

amplitude on the correct answers.153

However, in our case with linear algebra problems, there is no form of unusual154

progress and also no clear way to break up the problem into mutually orthogonal155

basis states. Thus, neither part of the pattern seems to work. Instead, we can use156

the recording query framework to characterize how much a quantum circuit can157

know about its input. We use the triangle inequality to bucket amplitude from the158

algorithm’s state into a small number of non-orthogonal components (or buckets) that159

share some set of inputs that they know nothing about. We can then apply a classical160

argument showing that each component must have small amplitude on the correct161

answers. By finding a way to divide the state into a small number of buckets that162

each have small amplitude on correct answers, we can obtain tight lower bounds. The163

properties required of this division become more subtle as we move to the problem of164

matrix multiplication, where in order to get small amplitude, we need to contend with165

a partition featuring significantly more parts.166

Improved bounds for Boolean matrix operations. Here we improve the previous167

lower bound for quantum algorithms computing Boolean matrix multiplication given168

in [31] from T = Ω(n2.5/S1/2) to T = Ω(n2.5/S1/4). We do this using a more169

sophisticated embedding of the k-fold direct product of OR functions into an arbitrary170

subset of k outputs of Boolean matrix multiplication. The embedding hinges on the171

number of colors needed for a certain kind of partial coloring of subsets E of the172

n× n grid. The exponents of n and S in our lower bound are optimal for the general173

quantum circuit model to which it applies.174

Our lower bounds also lead to improving the classical lower bound tradeoff of175

T = Ω(n3/S) for circuits shown in [31] to T = Ω(n3/S1/2). (In these bounds, T is176

circuit depth and S is circuit width.) Just as with our quantum lower bound, this has177

optimal exponents for n and S, achieving the goal of Klauck, Špalek, and de Wolf [31]178

who suggested that T 2S = Ω(n6) was a likely tight tradeoff for classical computation of179

Boolean matrix multiplication. It is strictly larger almost everywhere than a classical180

2Similar to [4], our bounds apply even when input entries are chosen from an arbitrary fixed
subset D of a potentially larger field.
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Table 1
Summary of our quantum lower bounds, along with prior work. Inputs are assumed to be of

length n vectors or n× n matrices. Our linear algebra bounds apply for input elements coming from
any fixed subset D of a field with d = |D|. These are the first quantum time-space lower bounds
for all of these problems other than Boolean matrix multiplication. Problems with deterministic
classical query algorithms given in [29] and [4] that match our quantum query lower bounds are
denoted with Θ notation instead of Ω. Constructions of the matching query algorithms can be found
in Appendix A.

Problem Quantum Lower Bound Source

Matrix Multiplication T = Θ(n3 (log d)0.5/S0.5) Theorem 5.1
f(A,B) = AB

Matrix Squaring T = Θ(n3 (log d)0.5/S0.5) Corollary 5.5
f(A) = A2

Matrix Triple Product T = Θ(n4 log d /S) Corollary 4.12
f(A,B,C) = ABC

Matrix Cubing T = Θ(n4 log d /S) Corollary 4.13
f(A) = A3

Matrix Inversion T = Ω(n4 log d /S) Corollary 4.14
f(A) = A−1

System of Linear Equations T = Ω(n3 log d /S) Corollary 4.15
f(A, y) = A−1y

Matrix-Vector Product T = Θ(n2 log d /S) Theorem 4.1
f(x) = Ax

Discrete Fourier Transform T = Θ(n2 log d /S) Corollary 4.6
f(x) =Wx

Convolution T = Θ(n2 log d /S) Corollary 4.8
f(u, v) = u ∗ v

Binary Integer Multiplication T = Ω(n2/(S log2 n)) Corollary 4.9

Boolean Matrix Multiplication T = Ω(n2.5/S0.5) [31]
f(A,B) = A •B T = Ω(n2.5/S0.25) Theorem 6.5

Classical T = Ω(n3/S) [31, 3]
Classical T = Ω(n3.5/S) for S ≥ cn [3]
Classical T = Θ(n3/S0.5) Theorem 6.15

Boolean Matrix Squaring T = Ω(n2.5/S0.25) Corollary 6.17
f(A) = A •A

lower bound of T = Ω(n3/S) for S ≤ n0.5 and T = Ω(n3.5/S) for S ≥ n for Boolean181

matrix multiplication on branching programs (a more general model than circuits)182

due to Abrahamson [3] that is tight almost surely for input matrices whose entries are183

1 with probability 1/
√
n independently.184

Finally, we make a small adjustment to convert the Boolean matrix-vector lower185

bounds and lower bounds for systems of inequalities given in [31] and [7], respectively,186

so that the problems that are shown hard for space S do not depend on S.187
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Organization. section 2 contains a formalization of space-bounded quantum com-188

putation and its relationship to the computation of multi-output functions like the189

ones we consider, an overview of the Borodin-Cook method for proving time-space190

tradeoff lower bounds, and a review of the recording technique for quantum query191

algorithms. It also discusses some of the linear algebra concepts from prior work that192

we will need.193

sections 4 and 5 contain our lower bounds for linear algebra problems. They use194

two different versions of our new bucketing methods for recording-query basis states,195

which we discuss earlier in general terms in section 3. Though there are some brief196

mentions in sections 4 and 5 of the connections to the general discussion of bucketing,197

these sections can also be read on their own without first reading section 3. In any198

case, Appendix B should be skipped on first reading since it is not related to any of199

the specific lower bounds in this paper.200

Our lower bounds for Boolean matrix problems are in section 6 and do not use201

bucketing or depend on any of our methods for linear algebra. Appendix A contains a202

review of the known query algorithms that match our time-space tradeoff lower bounds203

for quantum computation. Finally, we discuss some directions and open problems in204

section 7.205

2. Preliminaries. We define the binary entropy function H2 : [0, 1] → R, by206

H2(p) = −p log2 p− (1− p) log2(1− p).207

Proposition 2.1 (Shannon). The number of subsets of [k] of size at most αk is208

at most 2H2(α) k.209

Definition 2.2. An m×n matrix is (g, h, c)-rigid iff every k×w submatrix where210

k ≤ g and w ≥ n− h has rank at least ck. We call (g, h, 1)-rigid matrices (g, h)-rigid.211

Matrix rigidity is a robust notion of rank and is an important property for proving212

time-space and cumulative complexity lower bounds for linear algebra. Fortunately,213

Yesha gives an explicit example of such a matrix and Abrahamson proved that there214

are many rigid square matrices.215

Proposition 2.3 (Lemma 3.2 in [46]). The n× n Discrete Fourier Transform216

(DFT) matrix is (n/4, n/4, 1/2) rigid.217

Proposition 2.4 (Lemma 4.3 in [4]). There is a constant γ ∈ (0, 12 ) such218

that at least a 1 − d−1(2/3)γn fraction of the matrices over Dn×n with |D| = d are219

(γn, γn)-rigid.220

2.1. Time space tradeoffs for multi-output functions.221

Unitary quantum circuits with oracle states. Throughout this paper, we consider222

quantum circuits that seek to compute target functions f : Dn → Rm (or functions223

f : Dn → P(R), where P is powerset, and the requirement on each input x is224

to output at least m elements of f(x) if they exist). Let d = |D| and assume the225

existence of some canonical bijective map ν : D → { 0, . . . , d− 1 } that gives us an226

ordering on the elements of D. A T -query quantum circuit C is specified using input227

independent unitaries U0, . . . , UT . These unitaries define a sequence of quantum states228

|ψ1⟩C , . . . |ψT ⟩C that an algorithm enters during its execution. When it is ambiguous,229

we use the subscript C to denote the partial trace of |ψt⟩ that keeps only the qubits230

involved in the state of the query algorithm. Note that even though |ψt⟩ is always a231

pure state, |ψt⟩C is often a mixed state. We can think of each of these states |ψt⟩C as232

a linear combination of basis vectors |i, p, w⟩ where i represents an index to query, p233

represents a phase for the query, and w contains all the remaining qubits of the state.234
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Similar to [6, 47, 27], we define a general oracle operator O that interacts with an235

input register that starts in a state |ψ0⟩O. When it is ambiguous, we use the subscript236

O to denote the partial trace of |ψt⟩ that keeps only the qubits involved in the state237

of the oracle containing the input. Given a distribution D over Dn, we can make238

|ψ0⟩O =
∑

X∈Dn

√
PrX′∼D[X ′ = X] |X⟩ to represent an input sampled from D. We239

define our oracle operator O as240

O |i, p, w⟩ |X⟩ = ωxip
d |i, p, w⟩ |X⟩ .241

Thus the joint state of the input and quantum circuit at the end of the computation242

is given by |ψT ⟩ = UTO . . .OU0 |ψ0⟩ where |ψ0⟩ = |0⟩C ⊗ |ψ0⟩O.243

The output of the quantum circuit is determined by measuring the work register244

of |ψT ⟩C in the standard basis and applying some input-independent post-processing245

function q to interpret the result as an output τ ∈ RJ where J ⊆ [m]. The correctness246

of these output values is then determined by measuring the input registers in the247

standard basis to obtain the input X and evaluating whether τ is consistent with248

f(X), which we denote by writing τ∥f(X). In general we can define the projector Πk249

where:250

(2.1) Πk =
∑

i,p,w,x1,...,xn

s.t. q(w)∥f(x1,...,xn)
and |q(w)|≥k

|i, p, w, x1, . . . , xn⟩ ⟨i, p, w, x1, . . . , xn|251

The probability that the circuit produces a correct partial assignment of at least k252

output values is given by ∥Πk |ψT ⟩∥2. For a given partial assignment q(w) to some253

outputs, we can define Πq(w) to be the projection onto the values of |X⟩ where254

q(w)∥f(X). More specifically we have that:255

(2.2) Πq(w) =
∑

x1,...,xn

s.t. q(w)∥f(x1,...,xn
)

|x1, . . . , xn⟩ ⟨x1, . . . , xn|256

By construction when q always produces a partial assignment of at least k elements257

we have that Πk =
∑

i,p,w |i, p, w⟩ ⟨i, p, w| ⊗Πq(w).258

Space-bounded quantum computation. As described above, we think of space-259

bounded quantum circuits as starting in the all |0⟩ state and cycling between applying260

input queriesO, and arbitrary input-independent computation Ut. Unlike in the unitary261

circuit model, we allow our space-bounded quantum circuits to make intermediate262

measurements after applying each Ut as shown in Figure 1. Adopting the notation of263

[12], we will consider the set of consecutive O, Ut and measurement gates as layer Lt.264

As was done in [27], we will assume that the quantum query circuit has a dedicated265

register containing a boolean flag and a potential output (i, yi) ∈ [m]×R. After each266

query O and subsequent unitary operation Ut, the flag register is measured in the267

standard basis. Should the outcome 1 be obtained, the output register is measured268

in the standard basis and interpreted as an output pair (i, yi) which is written to a269

write-only tape. Otherwise, the circuit produces no output during this layer. The270

space of layer Lt is the number of qubits that are passed from layer Lt to Lt+1 and is271

denoted St. We define the space of a circuit as the maximum space of any layer, the272

time as the total number of layers, and the cumulative memory as the sum over all the273

St. Thus the space needed to store the input and output is not included in this model.274

Intermediate measurements enable circuits to produce parts of their output early275

and discard unnecessary ancillary qubits. Similar to the disjoint collisions bound in276
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8 P. BEAME, N. KORNERUP, AND M. WHITMEYER

Fig. 1. A general quantum circuit with T queries.

[27], our results in sections 4 and 5 apply to quantum circuits without any required277

structure on their output order. Thus, as long as the circuits produce the correct278

output value for each index i, they may do so during arbitrary layers of the circuit279

that may depend on the chosen input. However, as was the case in [31], our results280

for quantum Boolean matrix multiplication in section 6 apply to a more restricted281

model of computation where the choice of when to produce each output value is282

independent of the input. In this output-oblivious model, quantum circuits do not283

have a flag register. Instead, on predefined layers the quantum circuit measures the284

output register in the standard basis and interprets the result as an element of R285

corresponding to a fixed output index. This output-oblivious ordering restricts the286

set of allowed algorithms and is necessary to prove our key lemmas associated with287

Boolean matrix multiplication.288

Space-bounded classical computation. One can view our classical lower bounds289

in section 6 as applying to layered branching programs [16] where the space bound290

corresponds to the logarithm of the width of the program and the time corresponds to291

the number of layers. Output in a branching program is produced along the edges and292

written to a write-only output tape. Thus the space bound of a classical computation293

only considers the S bits of internal state maintained by the device and not the size294

of its read-only input or write-only output. Our results for classical Boolean matrix295

multiplication in section 6 apply to an output-oblivious model, which corresponds to296

branching programs that must produce outputs for the same output index regardless297

of which edge is taken between two layers.298

The Borodin-Cook method. The Borodin-Cook method provides a general frame-299

work for proving time-space tradeoff lower bounds for multi-output problems, those300

for which every input vector in Dn is associated with some fixed set of possible output301

values from set R and the objective is to output at least m of these output values. As302

discussed earlier these can be functions f : Dn → Rm, or f : Dn → P(R) where the303

requirement is to produce at least m elements of f(Dn), if they exist3.304

The property of the function f that enables the Borodin-Cook method to be used305

is the following4 for some well-behaved function h(k, n):306

(*) Let c = c(D) > 1. Any classical query algorithm that makes at most t ≤ h =307

h(k, n) queries for an input distribution D on Dn, correctly produces k correct308

output values of f with probability at most c−k.309

With this property, Borodin and Cook showed that one directly obtains a classical310

time-space tradeoff for computing f of the form T · S = Ω(mh(S/(log c), n) log c) for311

time T that is nO(1) and space S as follows:312

Proof sketch. Choose k with log n ≤ k ≤ m such that 2S · T · c−k < 1; then k is313

roughly S/(log c).314

3There is a more general version where the query algorithm is only required to produce these m
outputs with some sufficiently high probability but we focus on the simpler form

4We do not specify an upper limit on the possible k ≤ m in this informal statement. The exact
range for which it holds will impact the space bounds for which the tradeoff holds.
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Divide the T query steps into disjoint blocks of h = h(k, n) queries each and315

assume that T is a multiple of h, without loss of generality. Since m outputs must316

be produced on all inputs in Dn and there are T/h blocks, for T < mh/k, which is317

Θ(mh log c /S), for every execution on every input there must some block where at318

least k correct outputs are produced.319

However, since the space is at most S there are at most 2S configurations of the320

states that the algorithm could have been in at the beginning of each time block.321

Since (*) says that any fixed block can produce at least k output values correctly with322

probability at most c−k under D, by a union bound the total probability that some323

fixed block produces at least k correct output values is at most 2Sc−k < 1/T by our324

choice of k. Since there are only T/h blocks, the probability that there is one of them325

that produces k correct answers is < 1.326

Therefore T must be Ω(mh log c /S) as required.327

For quantum algorithms, Klauck et al. [31] observed that one could use a result328

by Aaronson in place of the union bound over the 2S classical state configurations at329

the start of each block in the Borodin-Cook method.330

Proposition 2.5 ([1]). Let C be a quantum circuit, ρ be an S-qubit (possibly331

mixed) state, and πmix be the S-qubit maximally mixed state. If C starting in initial332

state ρ produces some output z with probability p, then C starting in state πmix will333

produce z with probability q which is at least p/2S.334

We include a stand-alone derivation here for completeness.335

Proof. Without loss of generality we can assume C performs no measurements until336

the end of the circuit. Thus we can think of C as representing a unitary operator U . Let337

Πz be the projection onto output states of C that cause the circuit to output the value338

z. Then pz = Tr[ΠzUρU
†]. By the spectral decomposition theorem we can represent ρ339

as a convex combination of some set of orthogonal pure states ρ =
∑

i∈[2S ] λi |φi⟩ ⟨φi|.340

Since the maximally mixed state can be represented as πmix =
∑

i∈[2S ](1/2
S) |φi⟩ ⟨φi|341

we have that:342

q = Tr
[
ΠzUπmixU

†]
343

= Tr

[
ΠzU

( ∑
i∈[2S ]

1

2S
|φi⟩ ⟨φi|

)
U†

]
344

=
1

2S
Tr

[ ∑
i∈2S

⟨φi|U†ΠzU |φi⟩
]

345

≥ 1

2S
Tr

[ ∑
i∈2S

λi ⟨φi|U†ΠzU |φi⟩
]

346

=
1

2S
Tr

[
ΠzU

( ∑
i∈[2S ]

λi |φi⟩ ⟨φi|
)
U†

]
347

=
1

2S
Tr

[
ΠzUρU

†] = p/2S348
349

Where the inequality comes from the fact that ⟨φ|U†ΠzU |φ⟩ ≥ 0 for any state |φ⟩.350

With this they showed that essentially the same paradigm could be used to give351

similar time-space tradeoff lower bounds for quantum algorithms if one can prove352

a quantum analog of (*). One subtlety that arises from the quantum version of353
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10 P. BEAME, N. KORNERUP, AND M. WHITMEYER

the Borodin-Cook method is that often the quantum version of (*) is proven in a354

non-space-bounded unitary circuit model without intermediate measurements. By355

using the deferred measurement principle, we can see that lower bounds on the success356

probability of short quantum circuits in this model imply equally tight lower bounds357

in the space-bounded model where we directly apply the Borodin-Cook method.358

2.2. The quantum recording query technique. Here we review the methods359

developed in [47, 27] that allow us to analyze what a quantum circuit learns about360

its input by making quantum queries. We will assume that the input state |ψ0⟩O361

is the equal superposition state over all inputs, although [47, 27, 35] generalize this362

method to other input distributions. We can exchange the general query operator O363

for the uniform input distribution with a recording query operator R that we define364

as follows:365

Definition 2.6 (adapted from [27]). Let D be the input alphabet, d = |D|, and366

ν be our choice of canonical bijection between D and {0, . . . , d− 1}. We define S1 to367

be the unitary operator that maps368

S1 :


|⊥⟩ −→ 1√

d

∑
y∈D |y⟩

1√
d

∑
y∈D |y⟩ −→ |⊥⟩

1√
d

∑
y∈D ω

p ν(y)
d |y⟩ −→ 1√

d

∑
y∈D ω

p ν(y)
d |y⟩ ∀p ∈ {1, . . . , d− 1}.

369

Let S = (I)i,p,w ⊗ (S⊗n
1 )x1,...,xn

and O be the standard oracle operator that maps the370

basis state371

|i, p, w, x1, . . . , xn⟩ −→ ω
p ν(xi)
d |i, p, w, x1, . . . , xn⟩ .372

Then the recording query oracle operator R is defined as SOS.373

S1 introduces ⊥ as a new value for the input registers. Intuitively, the ⊥ symbol374

indicates that the algorithm does not know anything about that register of the oracle.375

Hence by adding and correctly manipulating the ⊥ symbols in the oracle’s registers, we376

can record what the algorithm knows about the input. Since S2 = I, we can exactly377

characterize how the states of quantum circuits with oracles O and R relate to one378

another.379

Proposition 2.7 (Theorem 3.3 in [27]). Let C be a quantum circuit that for each380

j ≤ t applies unitary Uj after the j-th query. Let S be the unitary operation and R be381

the recording query oracle from Definition 2.6. Let382

|ψt⟩ = UtOUt−1 . . . U1OU0

(
|0⟩i,p,w ⊗

1

dn/2

∑
x1,...,xn∈D

|x1, . . . , xn⟩x1,...,xn

)
383

|ϕt⟩ = UtRUt−1 . . . U1RU0

(
|0⟩i,p,w ⊗ |⊥⟩x1,...,xn

)
384
385

be the states of C with oracle O or R respectively. Then |ψt⟩ = S |ϕt⟩.386

In other words, it is impossible to distinguish the final state |ψT ⟩ of a circuit387

with standard oracle O from the output with recording oracle R if we apply S to the388

registers of R after the final query. Thus we can conclude that the success probability389

of a quantum circuit with T queries producing a partial assignment of k correct output390

values is given by ∥Πk |ψT ⟩∥2 = ∥ΠkS |ϕT ⟩∥2. Note that while |ϕT ⟩ may have inputs391

in the ⊥ state, Proposition 2.7 tells us that S |ϕT ⟩ will never have an input in the ⊥392

state. This means that when considering recording query oracles, it is safe to keep393
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our current definitions of Πk and Πq(w) which will always project out any basis state394

where an input is assigned to ⊥. We will leverage the following property of |ϕT ⟩ to395

bound the success probability of quantum circuits with at most T queries.396

Definition 2.8. Let Γt be the set of all elements (D∪{⊥})n with at most t non-⊥397

elements. This is the set of indices for all recording query basis states associated with398

quantum algorithms that make at most t queries.399

Proposition 2.9 (Fact 3.2 in [27]). The state |ϕt⟩ from Proposition 2.7 is a400

linear combination of basis states |i, p, w, x1, . . . , xn⟩ where (x1, . . . , xn) ∈ Γt.401

For the bounds in [27] it is essential to bound how the state of |ϕ⟩O can change402

after each query. For our use of the recording query technique, this detailed analysis is403

not necessary. Nevertheless, we state the following proposition here for completeness.404

Proposition 2.10 (Lemma 4.1 in [27]). Let D be the input alphabet, d = |D|,405

and ν be our choice of canonical bijection between D and {0, . . . , d−1}. If the recording406

query operator R is applied to a basis state |i, p, w, x1, . . . , xn⟩ where p ̸= 0 then the407

register |xi⟩ is mapped to408 
∑
y∈D

ω
p ν(y)
d√

d
|y⟩ if xi = ⊥

(1− 2
d )ω

p ν(xi)
d |xi⟩+ 1

d |xi⟩+
ω

p ν(xi)

d√
d
|⊥⟩+

∑
y∈D\{xi}

1−ω
p ν(y)
d −ω

p ν(xi)

d

d |y⟩ otherwise.
409

If p = 0 then the register remains unchanged.410

3. Our bucketing methods.411

The Borodin-Cook method with recording queries. Paraphrasing (*) from our412

earlier description of the Borodin-Cook method, to derive a time-space tradeoff lower413

bound for a function f : Dn → Rm or f : Dn → P(R), we need to prove that any414

quantum query algorithm making at most some h(k, n) queries can correctly produce415

at least k of the m output values only with a probability that decays exponentially416

in k (over the random choice of the input and the quantum measurements). In the417

recording query method, both the input and the state of the quantum algorithm are418

encoded in quantum states where measuring the local state of the algorithm determines419

the produced outputs (both indices and values) and measuring the local state of the420

input determines the classical input to the problem instance. Which k output positions421

are produced may depend on the input, so the paradigm proceeds by fixing both the422

quantum query algorithm and the k output values produced, and arguing that those423

k output values are correct for a fraction of the amplitude of the input state that is424

exponentially small in k.425

Before discussing our bucketing method to do this, we first give some more detail426

about the method of Hamoudi and Magniez [27], as expressed in their lower bound for427

the m-disjoint collision problem. The method of Hamoudi and Magniez operates in428

two parts. They show that429

• for any quantum query algorithm (making at most εk
√
n queries), only an430

exponentially small fraction in k of the total amplitude of the input is on431

recording query basis states with at least k/2 disjoint collisions explicitly432

represented in the state (and hence for which at least k/2 outputs would433

automatically be correct), and434

• for any fixed partial assignment of k output values (disjoint collisions), the435

fraction of the total amplitude on recording query basis states that do not436
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12 P. BEAME, N. KORNERUP, AND M. WHITMEYER

explicitly represent at least k/2 of those output values as collisions on which437

all k output values are correct is exponentially small in k.438

The first part has most of the quantum flavor of the argument since the growth in the439

number of disjoint collisions observed is much faster in the quantum case than in the440

corresponding classical case. Because the k-disjoint collisions problem involves explicit441

local properties of the input, the second part involves many orthogonal components442

and hence is a rather straightforward adaptation of a classical argument, with a443

Cauchy-Schwartz calculation replacing a union bound.444

In all of the matrix problems we consider, correctness of the output values depends445

on the input values in highly non-local ways that do not yield the kind of orthogonality446

properties that Hamoudi and Magniez are able to exploit. There also is no analog of447

the kind of progress argument from the first part available. We have to work simply448

from a bound on the total number of queries that the algorithm makes. To handle449

this we introduce a bucketing approach.450

3.1. Bucketing. Throughout this section we assume a fixed function f defined451

on Dn with m output values; all of our definitions are implicitly defined relative452

to this fixed function. The bucketing processes we define apply to the state of a453

quantum query algorithm after it has made t queries to a recording query oracle. By454

Proposition 2.9, such a state is a linear combination of basis states |i, p, w, x⟩ with455

x ∈ Γt. Then for any partial assignment q of k output values that the query algorithm456

could have produced, we wish to prove that the fraction of the total amplitude on457

which the recording query input leads to an output that agrees with q is exponentially458

small in k.459

Definition 3.1. Let q be a partial assignment of k output values and Πq be the460

projector defined in (2.2) for this partial assignment. For c > 1, we define a c-admissible461

bucket B for q to be a subset of (D ∪ {⊥})n with the property that any quantum state462

over the inputs that is spanned by the elements of B (i.e. |ϕ⟩ =
∑

x∈B αx |x⟩) satisfies463

∥ΠqS |ϕ⟩∥2 ≤ c−k.464

In our definitions of admissible buckets, the exponentially small bound will follow465

from the fact that for some fixed set of a k′ ≥ c′k of the k output values, any state466

spanned by the elements of B will have a squared amplitude for those k′ outputs of q467

being correct of exactly d−k′
; i.e., that of a completely random guess. In this case,468

c = dc
′
.469

Definition 3.2. Let A be a subset of (D∪{⊥})n. Then ΠA =
∑

x∈A |x⟩ ⟨x|. The470

total amplitude of a state |ϕt⟩ on recording query basis states in A is ∥ΠA |ϕt⟩∥.471

In subsection 2.1 we defined projectors Πk where k ∈ N and Πq(w) where q(w) ∈ RJ472

for J ⊆ [m] as ways to project onto basis states associated with the quantum circuit473

producing k correct output values or associated with a assignment q(w) being correct474

for the value in the input register. Here, we use projectors ΠA to keep track of the475

contributions associated with various sets of recording query basis states in the analysis476

of our bucketing methods.477

Definition 3.3. A t-family of c-admissible buckets with size ℓ for a partial as-478

signment q of k output values is a collection B of subsets of (D ∪ {⊥})n such that479

• |B| ≤ ℓ,480

• each B ∈ B is a c-admissible bucket for q, and481

• every element of Γt is in at least one c-admissible bucket B ∈ B.482

The simple version of bucketing recording queries that we use to prove our lower483
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bound for matrix-vector products works by showing that for t ≤ h(k, n) and each484

partial assignment of k output values q, there is a t-family of c-admissible buckets485

B whose size is not too large. The amplitudes of the recording query basis states486

indexed by Γt can be partitioned arbitrarily by assigning each element of Γt to some487

c-admissible bucket in the family that contains it. We obtain that the total squared488

amplitude associated with successfully producing output q is at most |B|2/ck for c > 1.489

For matrix-vector product with suitable fixed matrices, we are able to show in this490

case that |B|2 is at most bk for some b < c and hence obtain an upper bound on the491

overall success probability that is exponentially small in k.492

In the case of matrix multiplication, the families of admissible buckets we can493

produce are much too large. The basic approach above does not tailor the choice of494

buckets to the specific final state of the recording query input. We will instead need495

to produce an association of basis states with buckets that depends on the final state496

of the recording query input.497

Definition 3.4. A weighted t-scheme of c-admissible buckets with total weight w498

for a partial assignment q of k output values is a mapping that takes any quantum state499

|ϕt⟩ defined over recording query basis state indexed by Γt to a t-family of c-admissible500

buckets B and an assignment of weights wB ∈ [0, 1] to sets B ∈ B such that501

• for every B ∈ B we have ∥ΠB |ϕt⟩∥ ≤ wB and502

•
∑

B∈B wB ≤ w.503

When we want to emphasize the dependence of B on |ϕt⟩ we write it as B|ϕt⟩.504

A t-family of c-admissible buckets B′ with size ℓ can always be interpreted as505

a weighted t-scheme of c-admissible buckets with total weight ℓ by always setting506

B|ϕt⟩ = B′ and weight wB = 1 for each B ∈ B′.507

Lemma 3.5. Let q be a partial assignment of k output values and Πq be the508

projector defined in (2.2) for this partial assignment. If there is a weighted t-scheme509

of c-admissible buckets with total weight w for q then there is a constant c > 0 such510

that for any quantum state |ϕt⟩ defined over recording query basis states indexed by Γt,511

∥ΠqS |ϕt⟩∥2 ≤ w2 · c−k.512

Proof. Let |ϕt⟩ =
∑

x∈Γt
αx |x⟩ be a quantum state defined over recording query513

basis elements indexed by Γt. Let B|ϕt⟩ with associated weights wB for B ∈ B|ϕt⟩ be514

given by the weighted t-scheme of c-admissible buckets for state |ϕt⟩. For B ∈ B|ϕt⟩, by515

definition, we have ΠB |ϕt⟩ =
∑
x∈B

αx |x⟩ and ∥
∑
x∈B

αx |x⟩∥ = ∥ΠB |ϕt⟩∥ ≤ wB . Then,516

since every x ∈ Γt is contained in some B ∈ B|ϕt⟩, we have517

∥ΠqS |ϕt⟩∥2 ≤ ∥ΠqS
∑

B∈B|ϕt⟩

ΠB |ϕt⟩∥2518

= ∥ΠqS
∑

B∈B|ϕt⟩

∑
x∈B

αx |x⟩∥2519

≤
( ∑

B∈B|ϕt⟩

∥ΠqS
∑
x∈B

αx |x⟩∥
)2

520

=

( ∑
B∈B|ϕt⟩

wB∥ΠqS
∑
x∈B

αx

wB
|x⟩∥

)2

.521

522

By definition,
∑

x∈B
αx

wB
|x⟩ is a vector whose 2-norm is at most 1 and the fact that523
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B is a c-admissible bucket for q, implies that524 ( ∑
B∈B|ϕt⟩

wB∥ΠqS
∑
x∈B

αx

wB
|x⟩∥

)2

≤
( ∑

B∈B|ϕt⟩

wB · c−k/2

)2

= w2 · c−k
525

526

which yields our claimed bound on ∥ΠqS |ϕt⟩∥2.527

Note that setting each wB to 1 regardless of the quantum state gives us that528

∥ΠqS |ϕt⟩∥ ≤ |B|2c−k, which is the simpler bound we use for the matrix-vector product529

case. Though weighted schemes are much more flexible than such simple families and530

can yield bounds where those may not, choosing good weights presents an additional531

challenge. The follow concept will allow us to define these weights implicitly and is532

what we use when we analyze matrix product algorithms.533

Definition 3.6. A t-reduction scheme of c-admissible buckets with size ℓ for534

a partial assignment q of k output values is a mapping that takes any quantum535

state that involves a combination of recording query basis elements indexed by Γt,536

|ϕt⟩ =
∑

z∈Γt
δZ |z⟩, and outputs a collection of buckets B and a subset Γ′

t ⊆ Γt such537

that538

• |B| ≤ ℓ,539

• each B ∈ B is a c-admissible bucket for q,540

• every element of Γ′
t is in at least one c-admissible bucket in B, and541

• the total amplitude of |ϕt⟩ on recording query basis states in Γt \ Γ′
t is at most542

1/2. In other words, ∥ΠΓt\Γ′
t
|ϕt⟩∥ ≤ 1/2.543

Lemma 3.7. The existence of a t-reduction scheme of c-admissible buckets with544

size ℓ implies the existence of a weighted t-scheme of c-admissible buckets with total545

weight 2ℓ.546

Proof. Fix q as the partial assignment to k output values and |ϕt⟩ as any input547

state over recording query basis states indexed by Γt. We apply the reduction scheme548

with the full state to begin with. This yields a collection of c-admissible buckets B of549

size ℓ and a set Γ′
t. Without loss of generality we can assume that Γ′

t = ∪B∈BB, as550

otherwise we could always define another t-reduction scheme of c-admissible buckets551

with size ℓ with this choice of Γ′
t to use instead. We assign weight 1 to all those552

buckets.553

The remaining total amplitude of states in Γt is at most 1/2. We apply the554

reduction scheme inductively to the state |ϕ′t⟩ = ΠΓt\Γ′
t
|ϕt⟩ /∥ΠΓt\Γ′

t
|ϕt⟩∥ which is a555

renormalized state for the portion of |ϕt⟩ defined on Γt \Γ′
t. This yields a new set of at556

most ℓ buckets, each of which we assign weight 1/2. Each iteration of this procedure557

results in a renormalized state whose support is a strictly smaller subset of Γt. We558

repeat in this way until we have exhausted all of Γt and produced a weighted t-scheme559

of c-admissible buckets. The total weight of this scheme is at most
∑

i≥0 ℓ/2
i ≤ 2ℓ.560

Corollary 3.8. Let q be a partial assignment of k output values and Πq be the561

projector defined in (2.2) for this partial assignment. The existence of a t-reduction562

scheme of c-admissible buckets with size ℓ for q implies that for any quantum state563

|ϕt⟩ =
∑

x∈Γtαx|x⟩ there is a constant c > 0 such that ∥ΠqS |ϕt⟩∥2 ≤ 4ℓ2 · c−k.564

In sections 4 and 5 we use the above ideas to prove our lower bounds on matrix-565

vector products and matrix multiplication, respectively. However, it is also possible566

to produce reduction schemes of admissible buckets from a combinatorial property of567

the set of all admissible buckets without needing to reason about the amplitude of568

quantum states. We explore this idea further in Appendix B.569
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4. Quantum matrix vector products. In this section, we consider the task570

of — for a fixed matrix A ∈ Fm×n — computing the function fA(x) = Ax for inputs571

x ∈ Dm (where D is a fixed subset of F) using a quantum circuit. We note that this572

is a fundamentally harder task than is considered in many quantum machine learning573

papers (for example [28]) as we require the circuit to output a classical vector y ∈ Fn574

rather than either a quantum state encoding the entries of y in the amplitudes or an575

estimate of y†My. Also unlike many prior quantum time-space tradeoffs, including576

sorting [31, 27, 12] and boolean matrix multiplication [31] (and our Theorem 6.5), our577

matrix vector product and matrix multiplication lower bounds apply to circuits that578

can adaptively decide when to produce each output based on the observed inputs.579

Time-space lower bounds against such quantum circuits were first described in [27]580

for the multiple disjoint collisions problem, although they were not able to show such581

a result for sorting. Similar to [27] we are able to lower bound these circuits by582

identifying a single hard distribution over the inputs that applies to any set of outputs.583

Theorem 4.1. Let m ≤ nr for some constant r and 2 ≤ d ≤ nn. There is a584

constant C > 0 such that the following holds: Let A be anm×n matrix over a field F that585

is (g, h, c)-rigid. Then any quantum circuit using time T and space S < c
6(r+6)g log2 d586

that computes the function fA : Dn → Fm for D ⊆ F with d = |D| given by fA(x) = Ax587

with success probability larger than 2−S requires that T ≥ Cmh log d /S.588

When the fixed matrix A is sufficiently rigid, for example when both g and h are589

linear in n as is the case with the DFT matrix per Proposition 2.3 or a random matrix590

with high probability per Proposition 2.4, this lower bound becomes Ω(mn log d)591

provided that S is at most some constant times n log d which is essentially a trivial592

constraint for the problem. This bound is tightly matched by a classical query algorithm593

in Proposition A.1.594

This theorem follows from the following key lemma, proven in subsection 4.1, which595

lets us bound the number of correct output values produced by a shallow quantum596

circuit.597

Lemma 4.2. Let A be any (k, h, c)-rigid m × n matrix over a finite field F and598

let fA : Dn → Fm for D ⊆ F be defined by fA(x) = Ax. Then for α > 0 and for599

input x sampled uniformly from Dn and any quantum circuit C with at most αh600

queries to x, the probability that C produces k correct output values of fA(x) is at most601

⌈h/(ck)⌉2 (4H2(α)/|D|1−α)ck.602

Note: For α ≤ 0.0737 we have 1− α− 2H2(α) > 1/6 and hence the bound is at603

most ⌈h/(ck)⌉2|D|−ck/6 for d ≥ 2.604

Proof of Theorem 4.1 from Lemma 4.2. Let C be a quantum circuit with T queries605

and space S that computes fA(x) with success probability larger than 2−S . Since h ≤ n,606

m ≤ nr and S ≥ log2 n we only need to consider the case that T ≤ nr+1 logn d ≤ nr+2.607

Let α = 0.0737. We partition C into ⌈T/(αh)⌉ sub-circuits that each have at608

most αh queries. By combining Proposition 2.5 and Lemma 4.2, we know that609

each sub-circuit can produce k ≤ g correct output values with probability at most610

2S ⌈h/(ck)⌉2 d−ck/6 ≤ h2 2Sd−ck/6.611

By assumption, we have d−cg/6 ≤ 2−(r+6)S ≤ n−(r+4)2−2S ≤ h−22−2S/T since612

S ≥ log2 n, T ≤ nr+2, and h ≤ n. In particular, this implies that h2d−cg/6 < 2−S613

so we must have T > αh by Lemma 4.2. Set k ≤ g to be the smallest integer614

such that h2 2Sd−ck/6 ≤ 2−S/T . Then the probability that a sub-circuit produces k615

correct output values is at most 2−S/T . This gives k = ⌈[6 log2(hT ) + 12S]/(c log2 d)⌉.616

We note that k is at most c∗S/ log2 d for some constant c∗ > 0 since log2(hT ) ≤617
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(r + 3) log2 n ≤ (r + 3)S.618

Taking a union bound over the sub-circuits, the probability that any of them619

produces k correct output values is at most 2−S . Since fA has m outputs, this means620

that621

⌈T/(αh)⌉ (k − 1) ≥ m622

Since T ≥ αh, we have623

2Tk ≥ αmh.624

Plugging in our upper bound on k we have that625

2c∗TS/ log2 d ≥ αmh626

and hence T · S is at least α
2c∗mh log d as claimed.627

4.1. Success probability of small depth quantum circuits. We first give an628

overview of the argument, which involves an initial uniform distribution over the inputs629

x ∈ Dn. This begins by decomposing the state after t ≤ αh queries into orthogonal630

components based on the values of working qubits |i, p, w⟩, which also determine the631

set of k output values produced. It then suffices to prove that, for any fixed set of632

k outputs, any input state spanned by recording query basis elements with at most633

t non-⊥ items can agree with the k outputs only on an exponentially small (in k)634

fraction of the amplitude.635

If we knew which t ≤ αh input indices were queried, as we would with classical636

algorithms in the analysis of [4], then things would be easy: Since the fixed matrix637

A is (k, h, c) rigid, the sub-matrix of A with rows corresponding to these k outputs,638

and with the ≥ n− αh “unqueried” columns has rank at least ck, so any fixed output639

can be correct with probability at most d−ck over the choice of inputs. However, the640

quantum state after t queries is a superposition of recording query basis states that641

could involve all possible subsets of ≤ t non-⊥ indices which is at least
(
n
t

)
possibilities.642

To handle this we use the basic version of our bucketing method for recording643

query basis states and find a relatively small collection of admissible buckets (whose644

size will be a sufficiently small exponential in k) that allows us to run the quantum645

analogue of the classical argument within each bucket. We now give the proof in detail.646

Proof of Lemma 4.2. Let d = |D|. For simplicity we will assume that q(w)—the647

output as a function of the measured value of the work register—always produces k648

outputs.5 Let A be a (k, h, c)-rigid matrix. By Proposition 2.9 after t ≤ αh queries in649

the recording query oracle model, the state |ϕt⟩ is a linear combination of basis states650

|i, p, w, x1, . . . , xn⟩ where (x1, . . . , xn) ∈ Γt. It will be useful to be more explicit in our651

discussion of Γt. Each element of Γt consists of an assignment y ∈ DI for some subset652

I ⊆ [n] with |I| ≤ t and value ⊥ on all coordinates in [n] \ I. Therefore, we can write653

the state as654

(4.1) |ϕt⟩ =
∑
i,p,w

I⊆[n], |I|≤t

y∈DI

αi,p,w,I,y |i, p, w⟩ |y⟩I |⊥⟩[n]\I655

for some αi,p,w,I,y with
∑

i,p,w,I,y |αi,p,w,I,y|2 = 1. Thus by Proposition 2.7, the final656

state of the algorithm (after t ≤ αh queries) in the non-recording query oracle setting657

5If in general q(w) produces more than k outputs, we only consider its first k outputs.
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is given by658

|ψt⟩ = S |ϕt⟩ = S
∑
i,p,w

I⊆[n], |I|≤t

y∈DI

αi,p,w,I,y |i, p, w⟩ |y⟩I |⊥⟩[n]\I .659

Since S behaves as the identity on |ϕt⟩C and the |i, p, w⟩ are orthogonal basis states,660

we can rewrite this as661 ∑
i,p,w

βi,p,w |i, p, w⟩ ⊗
[
S⊗n
1

∑
I⊆[n], |I|≤t

y∈DI

βi,p,w
I,y |y⟩I |⊥⟩[n]\I

]
662

for some βi,p,w and βi,p,w
I,y such that αi,p,w,I,y = βi,p,w β

i,p,w
I,y ,

∑
i,p,w |βi,p,w|2 = 1 and663

for each choice of i, p, w, we have that
∑

I,y |β
i,p,w
I,y |2 = 1. With this decomposition,664

using the definition in (2.1), the success probability of producing k correct output665

values is given by666

∥∥ΠkS |ϕt⟩
∥∥2 =

∥∥∥∥Πk

∑
i,p,w

βi,p,w |i, p, w⟩ ⊗
[
S⊗n
1

∑
I⊆[n], |I|≤t

y∈DI

βi,p,w
I,y |y⟩I |⊥⟩[n]\I

]∥∥∥∥2667

=

∥∥∥∥∑
i,p,w

βi,p,w |i, p, w⟩ ⊗
[
Πq(w)S⊗n

1

∑
I⊆[n], |I|≤t

y∈DI

βi,p,w
I,y |y⟩I |⊥⟩[n]\I

]∥∥∥∥2,668

669

where Πq(w) is defined as in (2.2) and is the projection of Πk onto fixed values of q(w).670

Since the basis states |i, p, w⟩ are orthogonal and
∑

i,p,w |βi,p,w|2 = 1, we have671

(4.2)
∥∥ΠkS |ϕt⟩

∥∥2 ≤ max
i,p,w

∥∥∥∥Πq(w)S⊗n
1

∑
I⊆[n], |I|≤t

y∈DI

βi,p,w
I,y |y⟩I |⊥⟩[n]\I

∥∥∥∥2.672

We now fix i, p, w and let Aq(w) be the submatrix of A restricted to the rows defined673

by the set of the k output values U associated with q(w). We can describe Πq(w) as a674

projection onto basis states |x1, . . . , xn⟩ such that675

Aq(w)

x1...
xn

 = q(w).676

Since the basis states |y⟩I |⊥⟩[n]\I for distinct I are orthogonal in the recording677

query basis, they remain orthogonal in the standard basis after the S operator is678

applied. However, the subsequent application of the Πq(w) projector makes these679

vectors no longer orthogonal.680

To handle this, we bucket the sets I ⊆ [n] with |I| ≤ t into a small number of681

buckets, B1, . . ., so that for each bucket Bℓ we can bound682

µℓ =

∥∥∥∥Πq(w)S⊗n
1

∑
I∈Bℓ,y∈DI

βi,p,w
I,y |y⟩I |⊥⟩[n]\I

∥∥∥∥2683
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and then we can use the triangle inequality to bound the success probability as a sum684

of the µℓ.685

In particular, our key observation is that if a bucket of recording query basis686

states completely misses querying a fixed set of input variables that could completely687

scramble the value of a set of r output values, then one cannot do better than randomly688

guess those output values. More precisely, we show that the contribution to success689

from that bucket of basis states has amplitude at most 1√
dr
.690

Lemma 4.3. Let U ⊆ [m] be a set of output indices and V ⊆ [n] be a set of691

input indices with |V | = |U | = r such that the submatrix AU,V is full rank. Fix692

q ∈ FU and define Πq to be the projection map onto the span of the set of basis693

states |x1, . . . , xn⟩ with x1 . . . xn ∈ D such that AUx = q. Then for any collection694

B of sets I ⊆ [n] \ V and any quantum state
∑

I∈B, y∈DI ηI,y |y⟩I |⊥⟩[n]\I we have695 ∥∥∥∥ΠqS⊗n
1

∑
I∈B, y∈DI

ηI,y |y⟩I |⊥⟩[n]\I

∥∥∥∥2 ≤ 1

dr
.696

Proof. By definition each I ∈ B satisfies I ∩ V = ∅, so697

ΠqS⊗n
1

∑
I∈B, y∈DI

ηI,y |y⟩I |⊥⟩[n]\I698

= ΠqS⊗n
1

(
|⊥⟩V ⊗

∑
I∈B, y∈DI

ηI,y |y⟩I |⊥⟩[n]\(I∪V )

)
699

= Πq

(
S⊗r
1 |⊥⟩V ⊗ S

⊗(n−r)
1

∑
I∈B, y∈DI

ηI,y |y⟩I |⊥⟩[n]\(I∪V )

)
700

= Πq

( ∑
y′∈DV

1√
dr
|y′⟩V ⊗ S

⊗(n−r)
1

∑
I∈B, y∈DI

ηI,y |y⟩I |⊥⟩[n]\(I∪V )

)
701

702

since S1(|⊥⟩) =
∑

y′∈D
1√
d
|y′⟩. Now703

S⊗(n−r)
1

∑
I∈B, y∈DI

ηI,y |y⟩I |⊥⟩[n]\(I∪V ) =
∑

z∈(D∪{⊥})[n]\V

δz |z⟩n\V704

for some amplitudes δz satisfying
∑

z∈(D∪{⊥})[n]\V |δz|2 = 1.705

For each value of z ∈ D[n]\V , since the sub-matrix AU,V is invertible, there is a706

unique value yz ∈ DV such that AU (yz ∪ z) = q so we get that707 ∥∥∥∥ΠqS⊗n
1

∑
I∈B, y∈DI

ηI,y |y⟩I |⊥⟩[n]\I

∥∥∥∥2708

=

∥∥∥∥Πq

[ ∑
y′∈DV

1√
dr
|y′⟩V ⊗

∑
z∈(D∪{⊥})n−r

δz |z⟩[n]\V

]∥∥∥∥2709

=

∥∥∥∥ 1√
dr
·Πq

[ ∑
y′∈DV

|y′⟩V
∑

z∈Dn−r

δz |z⟩n\V

]∥∥∥∥2710

=

∥∥∥∥ 1√
dr
·Πq

∑
z∈D[n]\V

δz
∑

y′∈DV

|y′⟩V |z⟩n\V )
∥∥∥∥2711
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=

∥∥∥∥ 1√
dr

∑
z∈D[n]\V

δz |yz⟩V |z⟩n\V )
∥∥∥∥2 ≤ 1

dr
712

713

since
∑

z∈D[n]\V |δz|2 ≤ 1.714

Next we decompose the set of all I with |I| ≤ t into buckets where we can apply715

the above with r equal to a constant fraction of k. (This decomposition of the sets I716

into buckets automatically implies a decomposition of Γt into buckets, each of which717

will be a c′-admissible bucket for some constant c′ by Lemma 4.3 and the value of718

r, yielding a c′-admissible bucket t-family corresponding to the basic version of our719

bucketing methods as discussed in section 3.)720

Lemma 4.4. Let A be a (k, h, c)-rigid matrix and let k′ = ⌈ck⌉. Then for every721

subset U of k rows of A, there is a collection of disjoint k′-subsets of columns from [n],722

V1, . . . , Vℓ for ℓ = ⌈h/k′⌉ ≤ ⌈h/(ck)⌉ and corresponding sets of rows U1, . . . , Uℓ ⊆ U723

such that for each j ∈ [ℓ], the k′ × k′ submatrix AUj ,Vj
is full rank. (In particular the724

union, W , of the sets Vj has size at least h.) If c = 1 then all Uj = U .725

Proof. Fix U ∈ [m] with |U | = k. The following procedure constructs such a726

collection, one set at a time. We maintain a subset of W columns that is the union727

of the Vj constructed so far. Suppose that |W | < h. Then, by the (k, h, c)-rigidity of728

A, the submatrix AU,[n]\W has rank at least k′. Hence there is a k′ × k′ submatrix729

AUj ,Vj
of AU,[n]\W that has full rank k′. We now add Vj to the collection of k′-sets of730

columns, record its corresponding row set Uj , and set W ←W ∪ Vj . This produces731

exactly ⌈h/k′⌉ subsets.732

Fix the collection of sets V1, . . . , Vℓ given by Lemma 4.4. Let k′′ = ⌊αk′⌋. Suppose733

that Vj = {i1, . . . , ik′} ⊆ [n] with i1 ≤ · · · ≤ ik′ . For each λ ∈
(
[k′]
k′′

)
, define the set V λ

j734

to be the subset of Vj that has the k′′ elements of Vj indexed by λ removed. (That735

is, ij′ /∈ V λ
j iff j′ ∈ λ.) Then |V λ

j | = k′ − k′′ ≥ c(1 − α)k. There are a total of736 (
k′

k′′

)
≤ 2H2(α) k

′
possible values of λ and hence ⌈h/k′⌉ · 2H2(α) k

′
sets of the form V λ

j .737

These sets have two useful properties: first any subset of [n] with size at most αh must738

miss some V λ
j and second if the entries of x corresponding to some V λ

j are uniformly739

random, then for any set of k indices in Ax, at least c(1− α)k of these values are also740

uniformly random.741

Lemma 4.5. For t ≤ αh and every I ⊆ [n] with |I| ≤ t, there is some j ≤ ⌈h/k′⌉742

and λ ∈
(
[k′]
k′′

)
such that I ⊆ [n] \ V λ

j .743

Proof. Fix such a set I with |I| ≤ t. Since t ≤ αh, |
⋃

j∈[ℓ] Vj | ≥ h, and the sets744

Vj are disjoint, by averaging there is some set Vj that has at most an α fraction745

of its elements in I. Hence Vj has at most k′′ ≤ αk′ elements of I. Choose a set746

λ ∈
(
[k′]
k′′

)
that contains the indices within Vj of all of the elements of Vj ∩ I. Then by747

construction I ∩ V λ
j = ∅.748

(Lemmas 4.3 and 4.5 together give us all the ingredients we need to yield a749

c′-admissible bucket t-family with c′ = dc(1−α) as defined in section 3; each element750

of the family is determined by a pair (j, λ) as follows:) By applying Lemma 4.5 we751

can associate each I ⊆ [n] with |I| ≤ t with a pair (j, λ) such that I ∈ [n] \ V λ
j and752

define bucket Bλj to consist of all such sets I associated with pair (j, λ).6 Further,753

6Note that while some sets I could be associated with multiple pairs (j, λ) in the admissible
bucket family, since we only require one bucket per recording query basis element for the analysis, we
will choose only one such pair for each I.
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define a set Uλ
j ⊆ Uj ⊆ [m] of the rows of Aq(w) with |Uλ

j | = k′ − k′′ such that the754

submatrix AUλ
j ,V λ

j
is full rank. Such a subset of rows must exist since AUj ,V λ

j
is a full755

rank matrix. Then let qλj = q(w)|Uλ
j
be the portion of the assignment q(w) on the756

rows of Uλ
j .757

We are now ready to provide an upper bound on the success probability from (4.2)758

using our admissible bucket family. We have759 ∥∥∥∥Πq(w)S⊗n
1

∑
I⊆[n], |I|≤t

y∈DI

βi,p,w
I,y |y⟩I |⊥⟩[n]\I

∥∥∥∥2(4.3)760

=

∥∥∥∥Πq(w)S⊗n
1

∑
j∈[ℓ]

∑
λ∈([k

′]
k′′ )

∑
I∈Bλ

j , y∈DI

βi,p,w
I,y |y⟩I |⊥⟩[n]\I

∥∥∥∥2761

≤
∥∥∥∥∑
j∈[ℓ]

∑
λ∈([k

′]
k′′ )

Πqλj
S⊗n
1

∑
I∈Bλ

j , y∈DI

βi,p,w
I,y |y⟩I |⊥⟩[n]\I

∥∥∥∥2.762

763

Applying Lemma 4.3 with r = k′ − k′′, q = qλj , U = Uλ
j , V = V λ

j , and B = Bλj , we764

have that765 ∥∥∥∥Πqλj
S⊗n
1

∑
I∈Bλ

j , y∈DI

βi,p,w
I,y |y⟩I |⊥⟩[n]\I

∥∥∥∥2 ≤ 1/dk
′−k′′

≤ 1/d(1−α) k′
.766

and hence using (4.3) we obtain that the success probability of producing k correct767

output values,768 ∥∥ΠkS |ϕt⟩
∥∥2 ≤ ℓ2 (

k′

k′′

)2

/d(1−α) k′
≤ ⌈h/k′⌉2 4H2(α) k

′
/d(1−α) k′

769

= ⌈h/k′⌉ (4H2(α)/d(1−α))k
′
.770771

Without loss of generality in our desired bound we can assume that 4H2(α)/d(1−α) < 1.772

Therefore the bound still applies when we replace k′ by the potentially smaller ck773

which is what we needed to show.774

4.2. Related time-space tradeoff and cumulative memory lower bounds.775

Following the same arguments as for classical computation [4], we use Theorem 4.1 to776

obtain a collection of time-space lower bounds for problems that are closely related to777

matrix vector products. Our proofs are identical to their classical counterparts proven778

in [4, sections 5-6] and are duplicated here for completeness. Many of these lower779

bounds are tightly matched by classical query algorithms. Constructions of matching780

upper bounds can be found in Appendix A.781

Corollary 4.6. Let F be a field and D ⊆ F such that d = |D|. Any quantum782

circuit that computes the discrete Fourier transform (DFT) of vectors in Dn in time783

T and space S with probability at least 2−S requires T to be Ω(n2 log(d) /S).784

Proof. Applying Theorem 4.1 with the rigidity of the DFT from Proposition 2.3785

directly gives us the lower bound.786

Proposition 4.7 ([4]). There is a constant γ ∈ (0, 1/2) such that at least a787

1− |D|−1(2/3)γn fraction of the Toeplitz (diagonal constant) matrices over Dn×n are788

(γn, γn)-rigid.789
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Recall that the convolution of two vectors w = u ∗ v is wk =
∑

i∈[n] uivk−i where the790

indices are reduced modulo n, where we identify n with 0.791

Corollary 4.8. Let F be a field and D ⊆ F such that d = |D|. Any quantum792

query algorithm computing the convolution of two vectors in Dn in time T and space793

S with probability at least 2−S requires T to be Ω(n2 log(d) /S).794

Proof. For simplicity assume that n is even. Let795

U =


un un−1 . . . u2 u1
u1 un . . . u3 u2
...

...
. . .

...
...

un−2 un−3 . . . un un−1

un−1 un−2 . . . u1 un

 =

[
A B
C D

]
796

Where A,B,C and D are n/2×n/2 submatrices. Then Uv is the convolution between797

vectors u and v. Observe that U is a Toeplitz matrix and by picking u to be a uniform798

vector over D, Proposition 4.7 tells us that for sufficiently large n, there is a constant799

γ ∈ (0, 1/2) such that both A and B are (γn, γn/2)-rigid with probability at least800

1/2. This lets us restrict our input to such choices for u and observe that the matrix801

U ′ =
[
A B

]
is (γn, γn/2)-rigid, so Theorem 4.1 gives us that computing U ′v requires802

T that is Ω(n2 log(d) /S). Since U ′ is a subfunction of U , convolution also requires T803

that is Ω(n2 log(d) /S).804

Corollary 4.9. A quantum circuit that multiplies two n bit binary numbers in805

time T and space S with probability at least 2−S requires T to be Ω(n2/(S log2 n)).806

Proof. Let u, v be arbitrary vectors over F2. Define the binary number807

u′ = 0⌈log2 n⌉−1un . . . 0
⌈log2 n⌉−1u10

⌈log2 n⌉−1un . . . 0
⌈log2 n⌉−1u1808

and similarly define v′. Then observe that the product u′ · v′ contains all entries of the809

convolution between u and v encoded in blocks of ⌈log2 n⌉ bits each. By Corollary 4.8810

this requires T to be Ω(n2/(S log2 n)).811

Proposition 4.10 ([4]). Let A,B,C, Y ∈ Dn×n. Let B (and Y) be the vectors812

in Dn2

formed by stacking the transposes of the rows of B (and Y ) into a column813

vector. If D is a commutative ring, then the following conditions are equivalent:814

• Y = ABC815

• Y = (A⊗ CT )B816

where ⊗ is the standard tensor (Kronecker) product.817

Proposition 4.11 ([4]). Let γ ∈ (0, 1/2). If A and B are (γn, γn)-rigid, then818

A⊗B is (γ2n2, γ2n2, γ2)-rigid.819

Corollary 4.12. Let F be a field and D ⊆ F such that d = |D|. Any quantum820

circuit that computes the product ABC on inputs A,B,C ∈ Dn×n in time T and space821

S with probability at least 2−S requires T that is Ω(n4 log(d) /S).822

Proof. We use Proposition 4.10 to view this as a matrix-vector product problem823

where B is the input and Y is the output. By Proposition 2.4 there is a constant824

γ ∈ (0, 1/2) such that both A and C are γ rigid with constant probability, so we can825

assume such without increasing the expected cost by more than a constant factor.826

Then Proposition 4.11 gives us that A⊗ C is (γ2n2, γ2n2, γ2)-rigid and we can apply827

Theorem 4.1 to get that T must be Ω(n4 log(d) /S) as desired.828
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Corollary 4.13. Let F be a field and D ⊆ F such that d = |D|. Any quantum829

circuit that computes A3 on inputs in Dn×n in time T and space S with probability at830

least 2−S requires T that is Ω(n4 log(d) /S).831

Proof. Let A,B,C ∈ Dn×n. Then construct the 4n× 4n matrix832

M =


0 A 0 0
0 0 B 0
0 0 0 C
0 0 0 0

 .833

Observe that the top right n×n sub-matrix of M3 is equal to the product ABC. Thus834

we get a reduction to matrix-matrix-matrix product and can apply Corollary 4.12 to835

get our lower bound.836

Corollary 4.14. Let F be a field and D ⊆ F such that d = |D|. Any quantum837

circuit that computes A−1 on unit upper triangular inputs in Dn×n in time T and838

space S with probability at least 2−S requires T that is Ω(n4 log(d)/S).839

Proof. Let A,B,C ∈ Dn×n. Construct the 4n× 4n matrix840

M =


I −A 0 0
0 I −B 0
0 0 I −C
0 0 0 I

841

where I is the n × n identity submatrix. Then observe that M−1 has the product842

ABC as its top right n×n submatrix. We can again use Theorem 4.1 to get our lower843

bound.844

Corollary 4.15. Let F be a field and D ⊆ F such that d = |D|. Any quantum845

circuit that solves any n× n system of linear equations over D in time T and space S846

with probability at least 2−S requires T that is Ω(n3 log(d) /S).847

Proof. It is possible to invert a matrix by solving n systems of n linear equa-848

tions. By a reduction Corollary 4.14 gives us that solving these equations requires849

T that is Ω(n4 log(d) /S). Thus least one of these equations must require T that is850

Ω(n3 log(d) /S) to solve.851

In [12] the authors showed that the kinds of quantum time-space product lower852

bounds we proved in this section can be extended to asymptotically equivalent lower853

bounds on the stronger notion of cumulative memory complexity. We restate a854

simplified version of their main theorem for quantum circuits and classical query855

algorithms here.856

Proposition 4.16 ([12]). Let f : Dn → Rm be a function such that there exists857

constant C, functions m′(n) ∈ ω(log n), h(k, n) = k∆h1(n),K(n), and a distribution µ858

over Dn where when x ∼ µ the probability that - for any k ≤ m′(n) - any quantum859

circuit (or classical query algorithm) with at most h(k, n) queries to x produces k860

correct output values of f(x) with probability at most C · K(n)−k. Then for any861

constant c > 0, any quantum circuit (or classical query algorithm) that computes f862

with T queries and error ϵ ≤ (1 − 1/(2T c)) must have cumulative memory that is863

Ω
(
min

([
(mh1(n))

1/(1−∆) logK(n)
]
/T∆/(1−∆),m′(n)1+∆h1(n) logK(n)

))
.864

Using the above result, we can extend the quantum time-space product lower bound865

for matrix vector products to a matching quantum cumulative memory lower bound.866
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Theorem 4.17. Let γ > 0 and c ∈ (0, 1/2] be fixed. If A is a (γn, γn, c)-rigid867

n× n matrix over a field F then any quantum circuit using time T and space S that868

computes the function fA : Dn → Fn for D ⊆ F with d = |D| given by fA(x) = Ax869

with success probability larger than 1/T requires cumulative memory that is Ω(n2 log d).870

Proof. By Lemma 4.2 we can apply Proposition 4.16 where C = ⌈1/c⌉,m′(n) = γn,871

∆ = 0, h1(n) = αn, K(n) = d1/6, and µ is the uniform distribution. This give us872

that any quantum circuit computing fA with T queries and error at most 1− 1/(2T )873

requires cumulative memory Ω(n2 log d) as desired.874

Directly applying this in place of Theorem 6.5 gives us matching cumulative (CM)875

memory lower bounds for Corollary 4.6 through Corollary 4.15.876

Corollary 4.18. Let F be a field and D ⊆ F such that d = |D|. Any quantum877

circuit with inputs over D that computes the DFT or vector convolution requires CM878

that is Ω(n2 log d). Any quantum circuit that computes the product of three matrices,879

matrix cubing, or matrix inversion requires CM that is Ω(n4 log d). Any quantum880

circuit that solves n× n systems of linear equations requires CM that is Ω(n3 log d).881

Additionally any quantum circuit that multiplies two n bit binary numbers requires882

CM that is Ω(n2/ log2 n).883

5. Quantum matrix multiplication. While many of the applications so far,884

including the matrix triple product lower bound discussed in the previous section, are885

derived from the matrix-vector product lower bound, our matrix multiplication lower886

bound requires a separate argument using ideas from the classical lower bound for887

the problem in [4]. Implementing this requires a much more subtle way of applying888

our bucketing method for states that allows us to concentrate on just a subset of the889

buckets containing most of the total amplitude and ignore the others. As in section 4,890

our lower bounds in this section apply to a more general model of quantum circuits891

that can decide which outputs they want to produce in a given layer based on the892

inputs that they have queried.893

Here we consider the matrix multiplication problem f(A,B) = AB where both A894

and B are considered input. If we could fix a choice of A, we would be able to make895

our proof somewhat simpler. However, as Abrahamson pointed out in [4], there is a896

classical algorithm that can compute the function f(B) = AB for any fixed matrix A897

in O(n2) queries and O(n log d) space. Thus our lower bound requires both A and B898

to be inputs to the function.899

Theorem 5.1. Let F be a field and D ⊆ F with d = |D|. Then any quantum900

circuit C that uses time T and space S and computes the function f : D2n2 → Fn2

901

given by f(A,B) = AB with success probability larger than 1/T must have T that is902

Ω(n3
√
log d /S).903

Again this theorem follows from the following key lemma, proven in subsection 5.1,904

which lets us bound the number of correct output values produced by a shallow905

quantum circuit.906

Lemma 5.2. Let γ ∈ (0, 1/2) and f : Dn2 ×Dn2 → Fn2

for D ⊆ F with |D| = d907

be defined by f(A,B) = AB. Then for any constant β > 0 and quantum circuit C with908

at most h = βγn
√
k/2 queries to input matrices A,B sampled uniformly from Dn2

,909

the probability that A and B are (γn, γn)-rigid and C produces k correct output values910

of f(A,B) is at most 16min(k, n)
√
2k(4H2(4β)/d1−4β)k/4.911

Note that for β ≤ 0.0184 we have 1− 4β− 2H2(4β) > 1/6 so the bound is at most912
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16min(k, n)
√
2kd−k/24.913

Proof of Theorem 5.1 from Lemma 5.2. Let γ ∈ (0, 1/2) be the constant given by914

Proposition 2.4. By that proposition, the probability that either of two matrices A and915

B chosen uniformly randomly from Dn2

is not (γn, γn)-rigid is at most 2d−1(2/3)γn.916

Let C be a quantum circuit with T queries and space S. Let β = 0.0429, d =917

|D|, and set k = ⌈48(6S + 4)/ log2 d⌉ . We partition C into
⌈
T/(βγn

√
k/2)

⌉
sub-918

circuits that each have at most βγn
√
k/2 queries. Without loss of generalities there919

are at most n2 such sub-circuits. By combining Proposition 2.5 with Lemma 5.2,920

we know that for a uniformly random input, the probability that A and B are921

(γn, γn)-rigid matrices and a fixed sub-circuit can produce k outputs is at most922

16min(k, n)
√
2k2Sd−k/24 ≤ 16k

√
2k2Sd−k/24. Therefore the probability that A and923

B are (γn, γn)-rigid matrices and one of the sub-circuits produces k correct output924

values is at most 16k
√
2k2Sd−k/24n2. Combining this with the probability that one of925

A or B is not (γn, γn)-rigid, the probability that there is a sub-circuit that correctly926

produces k output values is at most 16k
√
2k2Sd−k/24n2 + 2d−1(2/3)2γn.927

Since we can assume without loss of generality that T ≤ n3, for sufficiently large928

n, 2d−1(2/3)2γn ≤ 1/(2T ) and k
√
2k ≤ 2k/48 ≤ dk/48. Plugging in our value of k and929

the fact that S ≥ log2 n without loss of generality gives a probability of at most930

16k
√
2k22Sd−k/24n2 + 2d−1(2/3)2γn ≤ 162Sd−k/48n2 + 1/(2T )931

≤ 1/(2T ) + 1/(2T ) = 1/T.932933

Since C must be correct with probability larger than 1/T , this implies that934

(k − 1)
⌈
T/(βγn

√
k/2)

⌉
≥ n2.935

Plugging in our value of k gives us that936

T is Ω(n3
√

log d/
√
S + log T ).937

Since S ≥ log2 n and our bound trivially holds when T is ω(n3
√
log d) there is a938

constant c > 0 such that cS ≥ log2 T . So T is Ω(n3
√
log d/S) as desired.939

Our quantum lower bound is tightly matched by a classical query algorithm in940

Proposition A.5.941

5.1. The success probability of small depth quantum circuits. We first942

give an overview of the argument which assumes a uniform distribution over all input943

matrices A and B in Dn×n. Unlike the matrix-vector product proof, in addition944

to the requirement of k correct output values, for success we also include the extra945

condition that both matrices must be (γn, γn) rigid. As in the case of the matrix-vector946

product proof, we decompose the state after t ≤ h = βγn
√
k/2 steps into orthogonal947

components based on different values |i, p, w⟩ which determines the k output values948

produced, though this now can be up to quadratic in n. However, unlike that proof,949

we need to use the weighted version of our bucketing method. We show that for each950

such |i, p, w⟩ the total fraction of the squared amplitude for any recording query state951

spanned by basis elements with at most t non-⊥ items where the k output values952

produced are correct is exponentially small in k.953

The output values produced determine a set of rows of the matrix A and columns954

of the matrix B that are relevant. For classical algorithms, where we can determine a955
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set of input locations queried, the lower bound of [4] shows that either at least k/4956

of the output values lie in rows where few elements of A are queried or k/4 lie in957

columns where few elements of B are queried. For each of these cases (“light” rows958

or “light” columns) the corresponding output values in those rows or columns are959

hard to produce in that the requirement that the other matrix is rigid means that the960

algorithm is exponentially unlikely in k to be correct on those entries.961

In the quantum case, when viewed in the recording query basis, the state involves962

a superposition over all possible assignments to subsets of indices for the relevant rows963

of A and columns of B with at most t non-⊥ entries. For convenience, we first split964

these basis states depending on whether there are many outputs in light rows or many965

in light columns; and then on which rows/columns those are; each determines a set966

of k/4 output values to consider hard and whether to focus on matrix A or B. The967

number of such possibilities is not too large so the total is not too much larger than968

the maximum over all such choices. We further consider a fixed choice of the other969

rigid matrix that maximizes the resulting probability that the hard outputs produced970

have correct values. The number of consistent recording query basis states in each971

such superposition is still enormous.972

We need to apply bucketing where either A or B is fixed as a rigid matrix and973

the other can be interpreted as a having a collection of light columns (or rows) such974

that the output values are the results of a matrix-vector products involving vectors975

with few queries. However, repeatedly applying the basic bucketing method for basis976

states we used for matrix-vector products fails because the total number of buckets977

would be too large since it would end up being the product over the number of choices978

for each row or column.979

Instead, we show that among these potential buckets we can find a small number980

of admissible buckets that together capture a large portion of the amplitude associated981

with the state, yielding an t-reduction scheme of admissible buckets that lets us derive982

the final lower bound. We now give the details of this argument.983

Proof of Lemma 5.2. Let C = AB, Πrigid(A) (and Πrigid(B)) be the projection onto984

inputs where A (and B) are (γn, γn)-rigid matrices, and define Πrigid = Πrigid AΠrigid B .985

Assume that q(w) — the output as a function of the measured value of the work986

register — produces exactly k outputs; we ignore anything it produces after the first k.987

We will use [A] to denote the set of indices of elements in A and likewise for [B] and988

[C]. By Proposition 2.9, after t ≤ h queries in the recording query basis, the state |ϕt⟩989

is a linear combination of basis states |i, p, w, x1, . . . , xn⟩ where (x1, . . . , xn) ∈ Γt. As990

in our analysis of the case of matrix-vector products, it will be necessary to be more991

explicit in our discussion of Γt. Each element of Γt consists of an assignment x ∈ DE992

and y ∈ DF for some subsets E ⊆ [A] and F ⊆ [B] with |E|+ |F | ≤ t and value ⊥ on993

all coordinates in [A] \ E and [B] \ F . Therefore, our state can be written as994

|ϕt⟩ =
∑
i,p,w

E⊆[A],F⊆[B]
|E|+|F |≤t

x∈DE ,y∈DF

αi,p,w,E,F,x,y |i, p, w⟩ |x⟩E |⊥⟩[A]\E |y⟩F |⊥⟩[B]\F995

for some αi,p,w,E,F,x,y with
∑

i,p,w,E,F,x,y |αi,p,w,E,F,x,y|2 = 1. We first apply an996

analogous series of observations and decompositions to those that allowed us to derive997

(4.2) from (4.1) in the case of matrix-vector product. By Proposition 2.7, we note that998
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the final state of the algorithm in the standard oracle setting is given by999

|ψt⟩ = S |ϕt⟩ = S
∑
i,p,w

E⊆[A],F⊆[B]
|E|+|F |≤t

x∈DE ,y∈DF

αi,p,w,E,F,x,y |i, p, w⟩ |x⟩E |⊥⟩[A]\E |y⟩F |⊥⟩[B]\F1000

Because S behaves as the identity on |ϕt⟩C and each distinct choice of |i, p, w⟩ gives1001

an orthogonal basis state, this equals1002 ∑
i,p,w

βi,p,w |i, p, w⟩ ⊗
[
S⊗2n2

1

∑
E⊆[A],F⊆[B]
|E|+|F |≤t

x∈DE ,y∈DF

βi,p,w
E,F,x,y |x⟩E |⊥⟩[A]\E |y⟩F |⊥⟩[B]\F

]
1003

for some βi,p,w and βi,p,w
E,F,x,y such that

∑
i,p,w |βi,p,w|2 = 1 and

∑
E,F,x,y |β

i,p,w
E,F,x,y|2 = 11004

for each i, p, w. Now the probability over the choices of the input matrices and the1005

result of the quantum algorithm making t queries that the matrices A and B are both1006

(γn, γn)-rigid and the algorithm produces k correct output values from C = AB is1007 ∥∥ΠkΠrigidS |ϕt⟩
∥∥2. Expanding this using the value of S |ϕt⟩ yields1008 ∥∥∥∥ΠkΠrigid

∑
i,p,w

βi,p,w |i, p, w⟩ ⊗
[
S⊗2n2

1

∑
E⊆[A],F⊆[B]
|E|+|F |≤t

x∈DE ,y∈DF

βi,p,w
E,F,x,y |x⟩E |⊥⟩[A]\E |y⟩F |⊥⟩[B]\F

]∥∥∥∥2.1009

Factoring out the coefficients related to choices of |i, p, w⟩ and replacing Πk with Πq(w)1010

for the corresponding w yields that
∥∥ΠkΠrigidS |ϕt⟩

∥∥2 is1011

∑
i,p,w

|βi,p,w|2
∥∥∥∥[Πq(w)ΠrigidS

⊗2n2

1

∑
E⊆[A],F⊆[B]
|E|+|F |≤t

x∈DE ,y∈DF

βi,p,w
E,F,x,y |x⟩E |⊥⟩[A]\E |y⟩F |⊥⟩[B]\F

]∥∥∥∥2.1012

Next, since
∑

i,p,w |βi,p,w|2 = 1, this value is a convex combination of the squared1013

norm terms. Thus, the probability that both the input matrices are rigid and the1014

quantum algorithm produces k correct outputs,
∥∥ΠkΠrigidS |ϕt⟩

∥∥2, is at most of the1015

largest squared norm term,1016

(5.1) max
i,p,w

∥∥∥∥Πq(w)ΠrigidS⊗2n2

1

∑
E⊆[A],F⊆[B]
|E|+|F |≤t

x∈DE ,y∈DF

βi,p,w
E,F,x,y |x⟩E |⊥⟩[A]\E |y⟩F |⊥⟩[B]\F

∥∥∥∥2.1017

For the rest of the proof we fix an i, p, w to achieve the maximum value in (5.1)1018

and prove an upper bound on the resulting probability. This fixes the output values1019

q(w); we write G ⊆ [C] with |G| = k for the set of indices of the outputs given by1020

q(w). To keep notations simpler in the remainder of the proof we observe that (5.1) is1021

upper bounded by the maximum of1022

(5.2)

∥∥∥∥Πq(G)ΠrigidS⊗2n2

1

∑
E⊆[A],F⊆[B]

|E|,|F |≤t

x∈DE ,y∈DF

βE,F,x,y |x⟩E |⊥⟩[A]\E |y⟩F |⊥⟩[B]\F

∥∥∥∥21023
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over all βE,F,x,y with
∑

E,F,x,y |βE,F,x,y|2 = 1, all sets G ⊆ [C] with |G| = k and all1024

assignments q(G) to G.1025

We will split the sum in (5.2) over the different sets E and F of queried input1026

indices depending on how they relate to the set of output indices given by G. Let r(G)1027

be the set of rows containing elements of G and c(G) be the set of columns containing1028

elements of G.71029

Recall our bound h = βγn
√
k/2 on the number of queries. We define a light row1030

of E to be an element of r(G) that contains at most βγn elements of E and define1031

a light column of F to be an element of c(G) that contains at most βγn elements of1032

F . Since |E|+ |F | ≤ t ≤ βγn
√
k/2 we have ≤

√
k/2 rows of E in r(G) and ≤

√
k/21033

columns of F in c(G) that are not light. We define L(E) ⊆ r(G), to be the set of1034

light rows of E and L′(F ) ⊆ c(G) to be the set of light columns of F . Therefore1035

|{(i′, j′) ∈ G | i′ /∈ L(E), j′ /∈ L′(F )}| ≤ k/2 so at least k/2 elements of G are in light1036

rows of E or in light columns of F . Therefore for every pair (E,F ) at least one of the sets1037

of outputs Gr
L(E) = {(i

′, j′) ∈ G | i′ ∈ L(E)} or Gc
L′(F ) = {(i

′, j′) ∈ G | j′ ∈ L′(F )}1038

has size ≥ k/4.1039

Let E be the set of all E ⊆ [A] with |E| ≤ t such that G has at least k/4 outputs1040

in light rows and F be the set of all F ⊆ [B] with |F | ≤ t such that G has at least1041

k/4 outputs in light columns. We separately bound the contribution to (5.2) from1042

pairs (E,F ) with E ∈ E or F ∈ F . The analyses of the two cases are completely1043

symmetric up to matrix transposition. It will be convenient to focus on the case F ∈ F1044

representing basis states where there are many outputs of G in light columns and1045

compute an upper bound on1046

(5.3)

∥∥∥∥Πq(G)ΠrigidS⊗2n2

1

∑
E⊆[A]
|E|≤t

x∈DE

∑
F∈F
y∈DF

βE,F,x,y |x⟩E |⊥⟩[A]\E |y⟩F |⊥⟩[B]\F

∥∥∥∥2.1047

Basis states where E ∈ E give exactly the same upper bound as (5.3) by applying the1048

argument to the transposed product BTAT and corresponding transposed sets FT ,1049

ET , and GT . Hence, the quantity in (5.2) is at most 4 times that of (5.3).1050

To upper bound (5.3), we first remove the projection operator Πrigid B from1051

Πq(G)Πrigid = Πq(G)Πrigid AΠrigid B to get Πq(G)Πrigid A. We then rewrite this com-1052

bined projection operator as Πq(G)Πrigid A =
∑

A (γn,γn)-rigid ΠA ⊗ΠA
q(G) where ΠA is1053

the projection onto the specific matrix A and for each A, ΠA
q(G) is the projection onto1054

the choices for matrix B such that C = AB agrees with q(w). We therefore obtain1055

that (5.3) is at most1056 ∥∥∥∥ ∑
A (γn,γn)-rigid

(ΠA ⊗ΠA
q(G))S

⊗2n2

1

∑
E⊆[A]
|E|≤t

x∈DE

∑
F∈F
y∈DF

βE,F,x,y |x⟩E |⊥⟩[A]\E |y⟩F |⊥⟩[B]\F

∥∥∥∥2(5.4)1057

=

∥∥∥∥ ∑
A (γn,γn)-rigid

(ΠA ⊗ΠA
q(G)S

⊗n2

1 )
∑

A′∈(D∪{⊥})[A]

∑
F∈F
y∈DF

βA′βA′

F,y |A′⟩[A] |y⟩F |⊥⟩[B]\F

∥∥∥∥21058

1059

7We will think of r(G) and c(G) as being subsets of indices in [n] that correspond to rows in A
and columns of B, respectively, that are relevant for the outputs in G.
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for some βA′ and βA′

F,y such that
∑

A′∈(D∪{⊥})n2 |βA′ |2 = 1 and
∑

F∈F,y∈DF |βA′

F,y|2 = 11060

for each A′. Applying projector ΠA through this term gives that (5.4) equals1061

(5.5)

∥∥∥∥ ∑
A (γn,γn)-rigid

βA |A⟩[A] ⊗ [ΠA
q(G)S

⊗n2

1

∑
F∈F
|F |≤t

y∈DF

βA
F,y |y⟩F |⊥⟩[B]\F ]

∥∥∥∥21062

Since ΠA
q(G) only projects onto the [B] input registers, each distinct choice of |A⟩[A]1063

gives orthogonal states so (5.5) equals1064

∑
A (γn,γn)-rigid

|βA|2
∥∥∥∥ΠA

q(G)S
⊗n2

1

∑
F∈F
|F |≤t

y∈DF

βA
F,y |y⟩F |⊥⟩[B]\F

∥∥∥∥2(5.6)1065

≤ max
A (γn,γn)-rigid

∥∥∥∥ΠA
q(G)S

⊗n2

1

∑
F∈F
y∈DF

βA
F,y |y⟩F |⊥⟩[B]\F

∥∥∥∥2.1066

1067

We fix a (γn, γn)-rigid matrix A that maximizes (5.6) and partition the set F1068

based on the set L′(F ) which contains all but at most
⌊√

k/2
⌋
columns in c(G).1069

Therefore we can rewrite (5.6) as1070

∥∥∥∥ ∑
H⊆c(G)

|H|≤
⌊√

k/2
⌋
ΠA

q(G)S
⊗n2

1

∑
F∈F

L′(F )=c(G)\H
y∈DF

βA
F,y |y⟩F |⊥⟩[B]\F

∥∥∥∥2.(5.7)1071

1072

Since |c(G)| ≤ min(k, n) we can upper bound (5.7) by1073

(5.8) min(k, n)
√
2k max

H⊆c(G)

|H|≤
⌊√

k/2
⌋
∥∥∥∥ΠA

q(G)S
⊗n2

1

∑
F∈F

L′(F )=c(G)\H
y∈DF

βA
F,y |y⟩F |⊥⟩[B]\F

∥∥∥∥2.1074

We fix the set H achieving the maximum value in (5.8), which fixes the value of1075

L′(F ) = c(G) \H. This fixes the set Gc
L′(F ) of elements in G that are in light columns1076

of F (equivalently, not in H) which, since F ∈ F , contains at least k/4 elements of G.1077

Let G′ be a fixed subset of k/4 of the elements of Gc
L′(F ). By construction we have1078

c(G′) ⊆ L′(F ). By only requiring that the outputs in G′ are correct, we therefore can1079

upper bound the probability that both the input matrices are rigid and the quantum1080

algorithm produces k correct outputs,
∥∥ΠkΠrigidS |ϕt⟩

∥∥2, by the maximum value of1081

(5.9) 4min(k, n)
√
2k

∥∥∥∥ΠA
q(G′)S

⊗n2

1

∑
F⊆[B]

c(G′) ⊆ L′(F )

y∈DF

β′
F,y |y⟩F |⊥⟩[B]\F

∥∥∥∥21082

over all G′ ⊆ [C] with |G′| = k/4 and β′
F,y with

∑
F,y |β′

F,y|2 = 1.1083
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For each j ∈ c(G′), let kj be the number of elements of G′ in column j. Our overall1084

strategy is to consider the j ∈ c(G′) one by one, and show that the total amplitude1085

on states where these kj outputs are correct conditioned on the success for previous1086

values of j is of the form d−δkj for some fixed constant δ > 0. These are kj outputs1087

of the matrix-vector product Ayj where yj is the j-th column of B and the fact that1088

c(G′) ⊆ L′(F ) implies that F has made at most βγn queries to yj . This is very similar1089

to the situation with the matrix-vector problem from Lemma 4.2. In analogy with1090

Lemma 4.2, define U j to be the set of kj rows containing outputs of G′ in column j.1091

Applying Lemma 4.4 with c = 1, for each j ∈ c(G′) there is a collection V j
1 , . . . , V

j
ℓj

1092

of ℓj = ⌈γn/kj⌉ kj-subsets of [n] such that the kj × kj sub-matrix AUjV j
i
has full rank.1093

Using the ideas of Lemma 4.2 we could bucket the possible basis states into one1094

bucket for each large subset of the set associated with the tuple (V j
ij
)j∈q(G′) using1095

Lemmas 4.3 and 4.4 and bound each bucket separately. However, unlike its use in the1096

proof of Lemma 4.2, the value of many of the kj can be very small, as low as 1, in1097

which case the upper bounds using Lemmas 4.3 and 4.4 would be meaningless.1098

Instead, we need a stronger argument that depends on the amplitudes β′
F,y in (5.9).1099

The large subsets of the sets associated with tuples (V j
ij
)j∈q(G′) yield candidate buckets1100

but there are too many of them to be used. However, we will see in the following1101

lemma that a relatively small collection of them can capture all but a constant fraction1102

of the total amplitude given by the β′
F,y. We will then see, in Corollary 5.4, how this1103

can be applied inductively with the portion of the total amplitude that is left over to1104

yield a good upper bound on the total probability of producing the output values in1105

q(G′), which is what we need to prove. (In the terminology of section 3, Lemma 5.31106

describes an t-reduction scheme of admissible buckets for q(G′), deriving some of1107

its implications in parallel with its construction. On the other hand, Corollary 5.41108

describes how that yields the overall bound; this is essentially a combination of the1109

ideas of Lemmas 3.5 and 3.7.)1110

Lemma 5.3. Let G′ ⊆ [C] with |G′| = k/4 and F ′ be a set of F ⊆ [B] such that1111

c(G′) ⊆ L′(F ). Suppose that
∑

F∈F ′,y∈DF |δF,y|2 = 1 for some δF,y. Define α = 4β.1112

Then there is an F ′′ ⊆ F ′ and coefficients δ′F,y where
∑

F∈F ′′,y∈DF |δ′F,y|2 = 1 and1113 ∥∥ΠA
q(G′)S

⊗n2

1

∑
F∈F ′

y∈DF

δF,y |y⟩F |⊥⟩[B]\F
∥∥2(5.10)1114

≤ 21+H2(α) k/2

d(1−α) k/4
+

1

2

∥∥ΠA
q(G′)S

⊗n2

1

∑
F∈F ′′

y∈DF

δ′F,y |y⟩F |⊥⟩[B]\F
∥∥2.1115

1116

Proof. We first recall the definitions in our discussion preceding the lemma state-1117

ment. For each j ∈ c(G′), define U j to be the set of row indices of G′ in column j and1118

let kj = |Uj |. Define ℓj = ⌈γn/kj⌉, apply Lemma 4.4 for each j, and let V j
1 , . . . , V

j
ℓj

1119

be the collection of disjoint subsets of [n] of size kj found for each j such that each1120

kj × kj sub-matrix AUjV j
i
has full rank.1121

For each F ∈ F ′ and i ∈ c(G′), define F j to be the set of row indices of elements1122

of F in column j; since c(G′) ⊆ L′(F ), we have |F j | ≤ βγn. For each i ∈ [ℓj ] define1123

mj
i =

∑
F∈F ′, y∈DF

|δF,y|2 · |F j ∩ V j
i |.1124
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Since
∑

F,y |δF,y|2 = 1, mj
i can be viewed as the expected size of the overlap between1125

the recorded queries in the j-th column of the matrix B and each V j
i . Since for each1126

j, the sets V j
i are disjoint and |F j | ≤ βγn we have

∑
i∈[ℓj ]

mj
i ≤ βγn. Therefore, for1127

each j, we have some index ij ∈ [ℓj ] such that mj
ij
≤ βγn/ℓj ≤ βkj .1128

Since
∑

j∈c(G′) kj = |G′| = k/4, the expected total overlap between the recorded1129

queries in the columns of G′ and the chosen sets V j
ij

for those columns is
∑

j m
j
ij
≤1130 ∑

j βkj = βk/4. Define F ′′ to be the set of F ∈ F ′ such that
∑

j |F j ∩ V j
ij
| ≥ αk/4 =1131

βk. By Markov’s inequality we have1132

(5.11)
∑

F∈F ′′, y∈DF

|δF,y|2 ≤
∑

j m
j
ij

βk
≤ 1/4.1133

We split our analysis for F ′ into two parts due to sets F in F ′′ and F ′\F ′′, respectively.1134

We begin with F ∈ F ′′. Write κ =
∑

F∈F ′′, y∈DF |δF,y|2 ≤ 1/4. For F ∈ F ′′,1135

define δ′F,y = 1√
κ
δF,y. Then

∑
F∈F ′′,y∈DF |δ′F,y|2 = 1 and1136

∥∥∥∥ΠA
q(G′)S

⊗n2

1

∑
F∈F ′′

y∈DF

δF,y |y⟩F |⊥⟩[B]\F

∥∥∥∥2(5.12)1137

= κ

∥∥∥∥ΠA
q(G′)S

⊗n2

1

∑
F∈F ′′

y∈DF

δ′F,y |y⟩F |⊥⟩[B]\F

∥∥∥∥21138

≤ 1

4

∥∥∥∥ΠA
q(G′)S

⊗n2

1

∑
F∈F ′′

y∈DF

δ′F,y |y⟩F |⊥⟩[B]\F

∥∥∥∥2.1139

1140

We now consider F ′ \F ′′. By definition, for F ∈ F ′ \F ′′, we have
∑

j |F j ∩V j
ij
| <1141

αk/4. By definition we have
∑

j |V
j
ij
| =

∑
j kj = k/4 so F must miss more than1142

(1− α)k/4 elements of the set V =
⋃

j(V
j
ij
× { j }) of size k/4. For each subset V ′ of1143

V of size k/4− ⌊αk/4⌋ we define a bucket BV ′ that contains sets F that must miss1144

the elements of V ′ and assign each F ∈ F ′ \ F ′′ to a unique bucket in an arbitrary1145

fixed way. There are at most 2H2(α)k/4 such buckets. Then1146 ∥∥∥∥ΠA
q(G′)S

⊗n2

1

∑
F∈F ′\F ′′

y∈DF

δF,y |y⟩F |⊥⟩[B]\F

∥∥∥∥2(5.13)1147

≤
( ∑

V ′⊆V
|V ′|=k/4−⌊αk/4⌋

∥∥∥∥ΠA
q(G′)S

⊗n2

1

∑
F∈BV ′

y∈DF

δF,y |y⟩F |⊥⟩[B]\F

∥∥∥∥)2

1148

≤ 2H2(α) k/2
∑

V ′⊆V
|V ′|=k/4−⌊αk/4⌋

∥∥∥∥ΠA
q(G′)S

⊗n2

1

∑
F∈BV ′

y∈DF

δF,y |y⟩F |⊥⟩[B]\F

∥∥∥∥21149

1150
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where we first used the triangle inequality followed by Jensen’s inequality. (5.13) can1151

be rewritten as1152

(5.14) 2H2(α) k/2
∑

V ′⊆V
|V ′|=k/4−⌊αk/4⌋

∥∥∥∥ΠA
q(G′)S

⊗n2

1 |⊥⟩V ′

∑
F∈BV ′

y∈DF

δF,y |y⟩F |⊥⟩[B]\(F∪V ′)

∥∥∥∥2.1153

Now, applying the S⊗n2

1 operator in (5.14) will convert the |⊥⟩V ′ to a uniform1154

superposition of all |y′⟩V ′ for all y′ ∈ DV ′
and convert

∑
F∈BV ′

y∈DF

δF,y |y⟩F |⊥⟩[B]\(F∪V ′)1155

to some superposition of |y′′⟩ ∈ D[B]\V ′
with amplitudes some δV ′,y′′ such that1156 ∑

y′′ |δV ′,y′′ |2 =
∑

F∈BV ′ ,y∈DF |δF,y|2. Therefore, we can rewrite (5.14) as1157

(5.15) 2H2(α) k/2
∑

V ′⊆V
|V ′|=k/4−⌊αk/4⌋

∥∥∥∥ΠA
q(G′)

[ ∑
y′∈DV ′

1√
d|V ′|

|y′⟩V ′

]
⊗

∑
y′′∈D[n]\V ′

δV ′,y |y⟩[B]\V ′

∥∥∥∥2.1158

We now consider the application of ΠA
q(G′). Let V

′
j ⊆ V

j
ij

be the set of row indices1159

in column j of V ′ ⊆ [B] and consider the corresponding set of columns in A. Since1160

AUjV j
ij

has full rank, there is a subset U j
0 ⊆ U j with |U j

0 | = |V ′
j | so that AUj

0V
′
j
also1161

has full rank. Now define G′
0 ⊆ G′ to be

⋃
j∈c(G)(Uj × { j }) which has size |V ′|.1162

For each j, the outputs in Uj × { j } ⊂ [C] can be expressed as the matrix-vector1163

product AUj
0V

′
j
yjV ′

j
+M ′ for some |V ′

j | × |V ′
j | matrix M ′ defined by the product of the1164

U j
0 × ([n] \ V ′

j ) submatrix of the fixed matrix A and yj[n]\V ′
j
. Since AUj

0V
′
j
is full rank,1165

for each value of M ′ given by yj[n]\V ′
j
, there is precisely one value of yjV ′

j
that will yield1166

the output values q(Uj × { j }). Therefore, putting the properties for the columns of1167

c(G′) together, there is precisely one value y′ ∈ DV ′
that will yield the output values1168

q(G′
0).1169

(In the terminology of section 3, this says that each of the 2H2(α)k/4 buckets BV ′1170

corresponds to a c-admissible bucket for q(G′) with c = d(1−α)/4. (5.11) means that1171

the squared amplitude of the projection on the set F ′′ corresponding to recording1172

query basis states not associated with these buckets has total squared amplitude at1173

most 1/4 and hence total amplitude at most 1/2. Thus, this construction produces a1174

t-reduction scheme of c-admissible buckets with size ℓ = 2H2(α)k/4.) It follows that1175

(5.15) is at most1176

2H2(α) k/2
∑

V ′⊆V
|V ′|=k/4−⌊αk/4⌋

∥∥∥∥ΠA
q(G′

0)

[ ∑
y′∈DV ′

1√
d|V ′|

|y′⟩V ′

]
⊗

∑
y′′∈D[n]\V ′

δV ′,y |y⟩[B]\V ′

∥∥∥∥2(5.16)1177

= 2H2(α) k/2
∑

V ′⊆V
|V ′|=k/4−⌊αk/4⌋

∥∥∥∥ 1√
d|V ′|

∑
y′′∈D[n]\V ′

δV ′,y |y⟩[B]\V ′

∥∥∥∥21178

= 2H2(α) k/2
∑

V ′⊆V
|V ′|=k/4−⌊αk/4⌋

1

d|V ′|

∑
y′′∈D[n]\V ′

|δV ′,y|21179

= 2H2(α) k/2
∑

V ′⊆V
|V ′|=k/4−⌊αk/4⌋

1

d|V ′|

∑
F∈BV ′ ,y∈DF

|δF,y|21180
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= 2H2(α) k/2
1

d|V ′|

∑
F∈F ′\F ′′,y∈DF

|δF,y|21181

≤ 2H2(α) k/2/d(1−α) k/4
11821183

where the last equality follows since the buckets BV ′ partition F ′ \ F ′′.1184

We now combine the contributions from F ′′ and F ′ \ F ′′. Applying Jensen’s1185

inequality together with the bounds in (5.12) and (5.16) we obtain that1186 ∥∥ΠA
q(G′)S

⊗n2

1

∑
F∈F ′

y∈DF

δF,y |y⟩F |⊥⟩[B]\F
∥∥21187

≤ 2

[∥∥ΠA
q(G′)S

⊗n2

1

∑
F∈F ′\F ′′

y∈DF

δF,y |y⟩F |⊥⟩[B]\F
∥∥2 + ∥∥ΠA

q(G′)S
⊗n2

1

∑
F∈F ′′

y∈DF

δF,y |y⟩F |⊥⟩[B]\F
∥∥2]1188

≤ 21+H2(α) k/2

d(1−α) k/4
+

1

2

∥∥ΠA
q(G′)S

⊗n2

1

∑
F∈F ′′

y∈DF

δ′F,y |y⟩F |⊥⟩[B]\F
∥∥21189

1190

as required.1191

Corollary 5.4. Let G′ ⊆ [C] with |G′| = k/4, F ′ be a set of F ⊆ [B] such that1192

c(G′) ⊆ L′(F ), and
∑

F∈F ′,y∈DF |δF,y|2 = 1 for some δF,y. Then1193 ∥∥ΠA
q(G′)S

⊗n2

1

∑
F∈F ′

y∈DF

δF,y |y⟩F |⊥⟩[B]\F
∥∥2 ≤ 22+H2(4β) k/2/d(1−4β) k/4.1194

Proof. Let M be the maximum value of1195 ∥∥ΠA
q(G′)S

⊗n2

1

∑
F∈F ′, y∈DF

δF,y |y⟩F |⊥⟩[B]\F
∥∥21196

over all choices of F ′ and δF,y with the required properties. This corollary follows1197

from Lemma 5.3 by observing that the right-hand term in (5.10) multiplied by 1/2 is1198

also upper bounded by M and hence M ≤ 21+H2(4β) k/2/d(1−4β) k/4 +M/2.1199

Finally, plugging the bound from Corollary 5.4 into (5.9), we obtain that the1200

probability that A and B are both (γn, γn)-rigid and C produces k correct output1201

values for C = AB,
∥∥ΠkΠrigidS |ϕt⟩

∥∥2, is at most1202

16 min(k, n)
√
2k

(
4H2(4β)

d(1−4β)

)k/4

1203

as desired.1204

5.2. Related time-space tradeoff and cumulative memory lower bounds.1205

Now we use Theorem 5.1 to prove some related quantum linear algebra lower bounds.1206

Constructions of matching upper bounds can be found in Appendix A.1207

Corollary 5.5. Let F be a field and D ⊆ F with d = |D|. If C is a quantum1208

circuit that computes the function f : Dn2 → Fn2

where f(A) = A2 on all upper1209

triangular inputs in time T and space S with success probability at least 1/T , then T1210

must be Ω(n3
√
log d /S).1211
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Proof. Let A,B ∈ Dn2

and construct the 3n× 3n matrix1212

M =

0 A 0
0 0 B
0 0 0

 .1213

Since the top right n × n sub-matrix of M2 is equal to the product AB, we get a1214

reduction from matrix multiplication and can apply Theorem 5.1 to derive the lower1215

bound.1216

Using Proposition 4.16 we can also bound the cumulative memory complexity for1217

these problems.1218

Corollary 5.6. Let F be a field and D ⊆ F with d = |D|. If C is a quantum1219

circuit that computes the function f : D2n2 → Fn2

given by f(A,B) = AB or the1220

function g : Dn2 → Fn2

given by f(A) = A2, then C must have cumulative memory1221

complexity Ω(n6 log(d) /T ).1222

Proof. For f , we apply Proposition 4.16 with Lemma 5.2 where m′ is Θ(n2), ∆ is1223

1/2, h1(n) is Θ(n), K(n) = d−1/48, C = 16. This gives us that the cumulative memory1224

complexity is Ω(n6 log(d) /T ). Using the same reduction as in Corollary 5.5, this same1225

lower bound applies to computing g.1226

6. Quantum tradeoffs for Boolean matrix operations. In this section we1227

focus on Boolean matrix operations, which use (AND,OR) inner product of vectors1228

rather than the usual (+,×) inner product. We denote this Boolean inner product of1229

vectors u and v by u • v and extend this notation to Boolean matrix-vector product1230

and Boolean matrix multiplication. For u, v ∈ { 0, 1 }n, u • v = 1 if and only if the1231

subsets of [n] encoded by u and v intersect, so the problems of computing Boolean1232

matrix multiplication and Boolean matrix-vector product can be seen as computing1233

many correlated copies of the set disjointness problem.1234

6.1. Tradeoffs for Boolean matrix multiplication. Unlike what we have1235

shown for algebraic problems, as noted in [31], quantum algorithms for Boolean1236

matrix multiplication have better time-space tradeoff properties than their classical1237

counterparts.1238

Proposition 6.1. For any c > 0, there are quantum circuits computing n × n1239

Boolean matrix multiplication A •B with error at most n−c using space O(log n) and1240

a number of queries T that is O(n2.5 log n).1241

Proof. Fix c > 0. Each of the n2 entries in the product is a disjointness function1242

of length n that can be computed with error at most n−c−2 and space O(log n) using1243

Grover’s algorithm in time O(
√
n log n) for error at most n−c overall.1244

This is in contrast to the following result of Abrahamson which shows that1245

classical algorithms as fast as this quantum algorithm require space Ω̃(n0.5) rather1246

than O(log n).1247

Proposition 6.2 ([3]). There is a probability distribution on input matrices and1248

constants 0 < c1 < c2 under which the best classical algorithms (branching programs)1249

for Boolean matrix multiplication A •B using time T and space S require that12501251

T · S is

{
Θ(n3.5) for T ≤ c1n2.5

Θ(n3) for T ≥ c2n2.5.
1252
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For quantum circuits, Klauck, Špalek, and de Wolf [31] proved the following time-1253

space tradeoff lower bound which proves that the quantum algorithm in Proposition 6.11254

is nearly optimal when the space S is O(log n).1255

Proposition 6.3 ([31]). Any bounded error quantum circuit that computes the1256

n× n Boolean matrix multiplication A •B with T queries and space S requires T to1257

be Ω(n2.5/S0.5).1258

A key difference between the methods used in Abrahamson’s bounds and our1259

results for linear algebra versus those in this proof is that we require that the set of1260

output values produced in each part of the computation is fixed independent of the1261

input. (See our discussion of such output-oblivious computation in subsection 2.1.)1262

Such an assumption was essential for the quantum time-space lower bounds in [31, 7],1263

although the bound for multiple disjoint collision pairs in [27] and our results in1264

sections 4 and 5 apply to quantum query algorithms without such a restriction on1265

output production. Fixing the output values produced in each part of the computation1266

allows one to go beyond using a single hard distribution on inputs, and instead choose1267

hard distributions for each part of the computation depending on the target outputs.1268

To give a sense of how this works we sketch the lower bound method of [31] for Boolean1269

matrix multiplication, which relies on a strong direct product lemma for the function1270

ORk
n (i.e. k independent copies of the OR function each on inputs of size n):1271

Proposition 6.4 (Strong Direct Product Theorem for ORk
n [31]). There are1272

positive constants ε and γ such that the following hold:1273

(a) Any randomized algorithm making at most εkn queries has success probability at1274

most 2−γk in computing ORk
n.1275

(b) Any quantum algorithm making at most εk
√
n queries has success probability at1276

most 2−γk in computing ORk
n.1277

Proof sketch for Proposition 6.3. For any integer k ≤ n/2, the function ORk
⌊n/k⌋1278

can be embedded in any set E ⊆ [n]× [n] of k outputs of the n× n Boolean matrix1279

product A • B as follows: Begin by dividing [n] into k blocks b1, . . . , bk each of size1280

⌊n/k⌋ (together with at most k− 1 other elements) and associate each (i, j) ∈ E, with1281

a distinct index ℓ = ℓ(i, j) ∈ [k]. For each (i, j) ∈ E, for ℓ = ℓ(i, j) set every entry1282

in Ai,bℓ to 1 and set the vector of inputs in Bbℓ,j to the ℓ-th block of the input to1283

ORk
⌊n/k⌋. Set all other bits in A and B to 0. It is easy to see that the k outputs1284

indexed by E will be the outputs for k disjoint OR functions on ⌊n/k⌋ bits.1285

Without loss of generality one can assume that the space bound S is at most1286

αn for some small constant α > 0 since the number of queries must be Ω(n2) in the1287

worst case8. Choose k = cS for some suitably large constant c that depends on the1288

constant γ in Proposition 6.4. Begin by slicing the circuit into layers of ε
√
kn queries1289

each. There are Θ(T/
√
kn) such layers. By Proposition 6.4 and the embedding, any1290

circuit of depth ε
√
kn = εk

√
n/k queries can produce k correct output values with1291

probability only 2−γk for some γ > 0. This is the same depth as each of the layers but1292

each layer also gets an S qubit input-dependent state to begin. By Proposition 2.5,1293

the probability that the resulting layer can produce k correct output values is at most1294

2S2−γk which is at most 2−S if the constant c used in defining k is sufficiently large.1295

Therefore, the total number of correct output values that can be produced with1296

probability larger than 2−S must be O(T/
√
kn) · k which is O(T

√
S/n). On the other1297

8Note that this is not completely obvious since quantum algorithms for some problems may have
a sublinear number of queries.
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hand this number of outputs produced must be at least n2. It follows that T must be1298

Ω(n2.5/
√
S).1299

Our improved lower bound.1300

Theorem 6.5. Any quantum circuit computing n×n Boolean matrix multiplication1301

A •B with T queries and space S and success probability more than 2−S must have T1302

that is Ω(n2.5/S1/4).1303

Though the form of our lower bound may seem somewhat unusual, both the1304

exponent of n and that of S are optimal: The algorithm of Proposition 6.1 shows that1305

exponent of n is optimal since there is only a gap of O(log5/4 n) for space Θ(log n).1306

In our quantum query model, at the other end of the scale, an algorithm with space1307

3n2 can query and completely remember both matrices in 2n2 time and 2n2 space,1308

after which a single global unitary transformation will produce the n2 bits of output1309

needed in the remaining n2 qubits of working memory; hence the exponent of 1/4 on1310

S cannot be reduced.1311

Theorem 6.5 follows from the following key lemma which improves on the corre-1312

sponding bound in [31] by a factor of Θ(k1/4).1313

Lemma 6.6. There are constants ε, γ > 0 such that the following holds. Let1314

k < n2/100 be an integer. For any quantum circuit C with at most εk3/4n1/2 queries1315

to x, the probability that C produces k correct output values of n× n Boolean matrix1316

multiplication A •B is at most 2−γk.1317

We first see how this lemma suffices for the theorem:1318

Proof of Theorem 6.5 via Lemma 6.6. Since there are n2 outputs, it seems that1319

T ≥ n2 queries are required, but that isn’t quite obvious. Nonetheless, we can, for1320

example, derive a T = Ω(n2) lower bound by applying Lemma 6.6 with k = n2/1011321

which shows that a circuit with at most some βn2 queries can only achieve exponentially1322

small success probability for producing a small fraction of the output. Therefore without1323

loss of generality we can assume that
√
S < αn for some arbitrarily small constant1324

α > 0. Let ε and γ be the constants from Lemma 6.6. Let c = 2/γ and define k = cS.1325

Therefore for α ≤ 1/(10
√
c) we obtain that 5

√
k = 5

√
cS < n/2. By Lemma 6.6, since1326

k < n2/100, any quantum query algorithm with at most εk3/4n1/2 queries has success1327

probability at most 2−γk = 2−2S of producing k correct output values.1328

We prove the contrapositive of the theorem statement: Suppose that T ≤1329

εn2.5/(cS)1/4 = εn2.5/k1/4. When we divide C into layers with εk3/4n1/2 quantum1330

queries each, there are at most n2/k layers. Since there are a total of n2 outputs, there1331

must be some layer i during which at least k outputs are produced. Let E be the set1332

of the first k outputs produced in layer i. By the argument above since the space is1333

at most S, by Proposition 2.5 the probability that these k outputs are correct given1334

the S qubits of input-dependent initial state at the beginning of layer i is at most1335

2S times larger than that of a circuit without them and the same number of queries,1336

which is at most 2S · 2−2S = 2−S which is what we needed to show.1337

The main idea behind the proof of this key lemma is an improved method for1338

embedding the direct product of OR functions into outputs of the Boolean matrix1339

multiplication problem; this uses the following definition of an L-coloring of subsets of1340

[n]× [n].1341

Definition 6.7. For E ⊆ [n]× [n] an L-coloring of E is a map χ : E → [L] such1342

that1343
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Fig. 2. An example of a valid 3-coloring (as in Definition 6.7), where the pink and green squares
on the right matrix correspond to the colored outputs. For the left two matrices, the black squares are
fixed to the input 1 while the white square are fixed to the input 0. The pink and green squares in the
left two matrices encode an input to OR4

4 whose outputs are the colored entries of the right matrix.

• within each color class either all rows are distinct or all columns are distinct,1344

and1345

• for each color ℓ there is a rectangle given by sets Rℓ ⊆ [n] of rows and Cℓ ⊆ [n]1346

of columns such that the set of points of color ℓ is precisely E ∩ (Rℓ × Cℓ).1347

(Note that the rectangles Rℓ × Cℓ may overlap, but their overlap must not contain any1348

points in E, see Figure 2.)1349

We say that a rectangle R× C ∈ [n]× [n] is colorable iff E ∩ (R× C) either has1350

all its elements in different rows or all its elements in different columns.1351

The motivation for this definition is given by the following lemma.1352

Lemma 6.8. Let E ⊆ [n]× [n] with |E| = k and L be an integer with L ≤ n/2. If1353

E has an L-coloring then ORk
⌊n/L⌋ is a sub-function of the function that produces the1354

k outputs of A •B indexed by E for n× n Boolean matrices A and B.1355

Proof. Write E =
⋃̇L

ℓ=1Eℓ where Eℓ is the set of (i, j) in E in color class ℓ. We1356

now divide [n] into L disjoint blocks b1, . . . , bL of at least ⌊n/L⌋ ≥ 2 elements each.1357

Given the coloring and division into blocks, we define a partial assignment to the1358

matrices A and B as follows:1359

• If color class ℓ consists of points that do not share a column, for each (i, j) ∈ Eℓ,1360

we set all entries of Ai,bℓ to 1 and leave all entries of Bbℓ,j unset.1361

• If color class ℓ consists of points that do not share a row, for each (i, j) ∈ Eℓ,1362

we set all entries of Bbℓ,j to 1 and leave all the entries of Ai,bℓ unset.1363

• All entries of A and B that are not defined by the above two cases are set to1364

0.1365

In particular, this means that if Eℓ does not contain any element of the form (i, ·)1366

then the submatrix Ai,bℓ is all 0 and if Eℓ does not contain any element of the form1367

(·, j) then the submatrix Bbℓ,j is all 0.1368

It remains to show that the outputs in E of this matrix product are k disjoint1369

ORs on at least ⌊n/L⌋ bits each.1370

Observe that if the color of (i, j) is ℓ, there cannot be another color ℓ′ ̸= ℓ and1371

i′ ̸= i, j′ ̸= j such that (i, j′), (i′, j) ∈ E both have color ℓ′, as this would violate the1372

rectangle condition for color ℓ′. This implies that either all entries of Ai,bℓ′ are 0 or all1373

entries of Bbℓ′ ,j are 0 for all ℓ′ ̸= ℓ. Therefore, assuming that (i, j) is colored ℓ, the1374

(i, j) entry of the product must equal Ai,bℓ •Bbℓ,j .1375

If color class Eℓ consists of points that do not share a column then the output for1376

each (i, j) ∈ Eℓ is the OR of the ≥ ⌊n/L⌋ unrestricted input bits of Bbℓ,j ; the inputs1377

for different (i, j) are disjoint since no two points of Eℓ share a column. The analogous1378

property holds for each color class Eℓ whose points do not share rows. In that case,1379
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each output (i, j) ∈ Eℓ is the OR of ≥ ⌊n/L⌋ unrestricted input bits of Ai,bℓ and input1380

bits of Ai,bℓ are disjoint from each other. Finally, the disjointness of the inputs to the1381

OR functions associated with different color classes is inherited from the disjointness1382

of b1, . . . , bL, and the lemma follows since |E| = k.1383

The lower bound of [31] in Proposition 6.3 embedded ORk
⌊n/k⌋ into any set E of k1384

outputs of A •B. Their argument corresponds to the trivial k-coloring that assigns1385

each element of E to its own color class.1386

Definition 6.9. For integer k > 0 define Lα(k) to be the minimum number of1387

colors L such that for all subsets E ⊆ [n]× [n] with |E| ≤ k, there is an L-coloring of1388

a subset E′ ⊆ E with |E′| ≥ α|E|.1389

Lemma 6.10. There are constants c, c′ > 0 such that the following holds. Let1390

α > 0 and k be an integer such that Lα(k) ≤ n/2. For any quantum circuit C with1391

at most ckn1/2/Lα(k)
1/2 queries to x, the probability that C produces k correct output1392

values of n× n Boolean matrix product A •B is at most 2−c′αk.1393

Proof. Let E be any fixed set of k output positions in A•B. We show that for each1394

fixed value of E the probability that C can correctly guess the output values at these1395

indices is exponentially small in k. Let L ≤ Lα(k) be such that there is an L-coloring1396

of a subset E′ ⊆ E with |E′| ≥ α|E|. By Lemma 6.8, OR
⌈αk⌉
⌊n/L⌋ is a sub-function1397

of the ⌈αk⌉ outputs indexed by the set E′. Since L ≤ n/2, ⌊n/L⌋ ≥ 2n/(3L) and1398 √
⌊n/L⌋ ≥ 4

√
n/L/5. Choose c = 4εα/5 and c′ = γ for ε and γ given in Proposition 6.4.1399

By that proposition, the probability that C produces the values of these k outputs1400

correctly is at most the probability that C produces the ⌈αk⌉ outputs in E′ correctly1401

which is 2−γ⌈αk⌉ ≤ 2−c′αk.1402

Then Lemma 6.6 is an immediate corollary of Lemma 6.10 and the following1403

bound on L1/2(k).1404

Lemma 6.11 (Coloring Lemma9). L1/2(k) ≤ 2
√
6k < 5

√
k.1405

Proof. Without loss of generality, E is contained in a grid with side lengths at1406

least n > 2
√
6k, as otherwise we could just use a single color for each row (or column).1407

For a given subset A ⊆ [n] or rows or columns, we use A to denote [n] \A.1408

Our strategy is as follows: for some constant c to be determined we show that1409

either1410

1. there is a row containing at least c
√
k points of E, or1411

2. there is a rectangle R × C such that there are at least c
√
k points in the1412

rectangle, all of which can be colored with a single color. Moreover, in this1413

case, we show that |(R× C) ∩ E| ≤ |(R× C) ∩ E|.1414

We now argue why the above two conditions are enough to prove that L1/2(k) ≤ 2
c

√
k.1415

If we colored a single row or column, then we can inductively color the remaining1416

points of E′ ⊆ E outside that row/column with no issue. However, if we colored1417

the points in R× C, inductively coloring the remaining points could cause an issue1418

because of the rectangle requirement for colors. To address this, we discard the points1419

of (R × C) ∩ E and proceed inductively on E′ := E ∩ ([n] × C). At the end of the1420

procedure, since we always color at least the number of points we discard, we will have1421

discarded at most k/2 points, as desired.1422

9In a preliminary version of this paper [13] there was an error in this lemma, which claimed to

show that L1(k) ≤ 2
√
6k. We thank the anonymous reviewers for asking the question that led to us

find and address this error.
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Fig. 3. Visualization of a single iteration of Algorithm 6.1.

It remains to show that this such a coloring would always use at most 2
c

√
k1423

colors. We prove this using induction. Indeed, applying induction to color at least1424

1/2 of the remaining k′ ≤ k − c
√
k elements of E′ in [n] × C will require at most1425

2
c

√
k′ ≤ 2

c

√
k − c

√
k ≤ 2

c

√
k(1− c

2
√
k
) = 2

c

√
k− 1 colors. It follows that at most 2

c

√
k1426

colors are needed to color at least 1/2 the points in E, as required.1427

We now show that we can execute this strategy with the constant c = 1/
√
6, which1428

will prove the lemma. That is, we show how to find either a row containing at least1429 √
k/6 points of E or a colorable rectangle R×C with at least

√
k/6 points of E such1430

that |E ∩ (R× C)| ≤ |E ∩ (R× C)|.1431

For any column j we write Ej for the set of i such that (i, j) ∈ E. Build R×C in1432

the following way:101433

Algorithm 6.1 Finding a colorable rectangle with many points.

1: Initialize R← ∅; C ← ∅; D ← ∅
2: while there is a j such that |Ej \ (R ∪D)| ≥ 3

4 |E
j | do

3: C ← C ∪ {j}
4: D ← D ∪ (R ∩ Ej)
5: R← (R \ Ej) ∪ (Ej \D)
6: end while
7: return R× C

First, observe that at the end of the procedure (and indeed at the end of every1434

iteration) the rectangle R× C contains exactly one element of E in every row, every1435

row of D × C contains at least two elements of E, and there are no elements of E in1436

(R ∪D)× C – see Figure 3 for a visualization of these observations.1437

Our first simple claim lets us bound the number of points in R× C.1438

Claim 6.12. |E ∩ (R× C)| ≤ |E ∩ (R× C)|, and |D| ≤ |R|/2.1439

Proof of Claim. The claim is true initially. Suppose that it is true at the beginning1440

of an iteration. When we add j to C on line 3, we have |Ej \ (R ∪D)| ≥ 3|Ej |/4, and1441

therefore have |R ∩ Ej | ≤ |Ej |/4.1442

Line 4 therefore adds at most |Ej |/4 row indices to D. Since each element of1443

R× C contained exactly one element of E at the end of the previous iteration, each1444

row added to D by line 4 has exactly two points of E in the columns of C and there1445

10In Algorithm 6.1, instead of the constant 3/4 in line 2, we could have chosen any (1− γ) instead.

In this case, we would achieve a bound for L1−2γ(k) ≤ 2
√

1−γ
γ(1−2γ)

k. For simplicity, we have chosen

γ = 1/4, which is quite close to optimal and has a larger value of α = 1− 2γ.
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are no points of E in (R ∪D)×C, the iteration adds at most 2|Ej |/4 = |Ej |/2 points1446

of E to R× C.1447

On the other hand, line 5 adds at least 3|Ej |/4 elements of Ej to R and only1448

removes the at most |Ej |/4 elements of R ∩Ej , so R grows by at least |Ej |/2 rows in1449

total. Since each row of R × C has exactly one point in the columns of C, at least1450

|Ej |/2 points of E get added to R× C.1451

Counting rows, we have added at most |Ej |/4 rows to D and at least |Ej |/2 rows1452

to R, which maintains that |D| ≤ |R|/2.1453

Counting points, the increase in size of E ∩ (R×C) is at most |Ej |/2 which lower1454

bounds the net gain for E ∩ (R× C). This maintains |E ∩ (R× C)| ≤ |E ∩ (R× C)|1455

as required.1456

We define s to be the larger of |R| and the maximal number of points in E of any1457

row. For convenience, write Z = R ∪D.1458

When Algorithm 6.1 finishes, for every column j ∈ C, fewer than 3/4 of its points1459

are in rows of Z and hence more than 1/4 of its points are in rows of Z. So we must1460

have that1461

|E ∩ (Z × C)| > |E ∩ (Z × C)|/3.1462

As Z×C has no points of E and each row has at most s points of E, the total number1463

of points is1464

k = |E ∩ (Z × [n])|+ |E ∩ (Z × [n])|1465

= |E ∩ (Z × [n])|+ |E ∩ (Z × C)|1466

≤ |E ∩ (Z × [n])|+ 3|E ∩ (Z × C)|1467

≤ 4|Z| s ≤ 4 · (3|R|/2) s ≤ 6s2.14681469

Therefore s ≥
√
k/6.1470

Lemma 6.6 is an immediate corollary of Lemmas 6.10 and 6.11 which completes1471

the proof of Theorem 6.5.1472

Theorem 6.5 can be directly extended to an equivalent lower bound on the quantum1473

cumulative memory complexity for Boolean matrix multiplication.1474

Corollary 6.13. Any quantum circuit computing n× n Boolean matrix multipli-1475

cation A •B with T queries, space S, and success probability more than 1/(2T ) must1476

have cumulative memory that is Ω(n10/T 3)1477

Proof. Using Lemmas 6.10 and 6.11, we can apply Proposition 4.16 with C = 1,1478

m′(n) = n2/8, h(k, n) = ck3/4n1/2/21/4, K(n) = 2c
′
where constants c, c′ > 0. This1479

gives us a cumulative memory lower bound of: Ω(min(n10/T 3, n4)) = Ω(n10/T 3) as T1480

must be Ω(n2).1481

We also obtain a general classical lower bound from these arguments. We start by1482

showing a classical analogue of Lemma 6.10.1483

Lemma 6.14. Let ε, γ > 0 be the constants from Proposition 6.4. Let k be an1484

integer such that L(k) ≤ n/2. Any randomized algorithm with at most (2ε/3)kn/L(k)1485

queries to x can only produce k correct output values of n× n Boolean matrix product1486

A •B with probability at most 2−γk.1487

Proof. Let E be any fixed set of k output indices in A •B. Let L ≤ L(k) be the1488

smallest number such that E can be colored with L colors. By Lemma 6.8 we know1489

that ORk
⌊n/L⌋ is a sub-function of the outputs indexed by E. Thus, by Proposition 6.41490

This manuscript is for review purposes only.



40 P. BEAME, N. KORNERUP, AND M. WHITMEYER

any randomized algorithm making at most εk ⌊n/L⌋ ≥ (2ε/3)kn/L(k) queries can1491

compute these outputs with probability at most 2−γk.1492

Theorem 6.15. Any output-oblivious classical query algorithm computing n× n1493

Boolean matrix-multiplication with T queries and space S with success probability more1494

than 2−S must have T that is Ω(n3/
√
S).1495

Proof. Since there are n2 outputs, which is a trivial time lower bound for sequential1496

algorithms, we can assume that
√
S is at most αn for some arbitrarily small constant1497

α > 0. Let c = 2/γ for γ given by Proposition 6.4 and let k = cS. Our assumption with1498

α < 1/(10
√
c) implies, by Lemma 6.11 that L(k) < 5

√
k = 5

√
cS < n/2. The main1499

difference in parameters from the quantum case is that we need to apply Lemma 6.141500

instead of Lemma 6.10 to say that classical output-oblivious branching programs1501

of width 2S have success probability at most 2−γk = 2−2S of computing k correct1502

output values of A •B. There are at most 2S nodes at a layer boundary and hence1503

the probability that a layer of height (2ε/3)kn/L(k) correctly produces k output1504

values is at most 2−S . Rewriting using L(k) < 5
√
k, we obtain that a layer of height1505

(2ε/15)
√
k n correctly produces outputs with probability at most 2−S . Since there are1506

n2 outputs, for any circuit of depth T at most (2ε/15)n3/
√
k must have some layer1507

of depth 2ε/15)
√
k n during which at most k outputs are produced and each output1508

value must be correct for the algorithm to be correct, so the overall success probability1509

is at most 2−S .1510

This achieves the goal suggested by Klauck, Špalek, and de Wolf [31] who ventured1511

that the likely tight tradeoff for classical computation of Boolean matrix multiplication1512

is T 2S = Ω(n6). Note that our quantitative bound asymptotically dominates the1513

bounds of Abrahamson Proposition 6.2 for all values of S; it always is at least as large1514

(up to a constant factor) and the only regimes where our quantitative bound does not1515

strictly dominate that of Abrahamson are when S is Θ(1) and when S is Θ(n). Of1516

course, Abrahamson’s lower bounds are for the branching program model which allows1517

for the timing of each output bit to depend on the input. (The classical lower bound of1518

[31] for output-oblivious query algorithms is exactly the same as that of Abrahamson1519

for space O(
√
n).) Abrahamson’s bound on the number of queries becomes the trivial1520

Θ(n2) when S = Θ(n3/2) which is tight for the distribution used in Abrahamson’s1521

paper, whereas the lower bound of Theorem 6.15 remains non-trivial so long as S is1522

o(n2). In fact, just as with our quantum lower bound in Theorem 6.5, the exponents1523

of n and S in Theorem 6.15 are optimal for a circuit model that allows arbitrary gates1524

between queries since that would allow the circuit to simulate a decision tree of height1525

2n2 that reads and remembers the entire input and produces all of the outputs at its1526

leaves; our lower bounds also apply to such a model. See Figure 4 for a comparison of1527

our lower bounds with those of prior work for both classical and quantum computation.1528

We can extend the above to get a matching lower bound on the classical cumulative1529

memory complexity.1530

Corollary 6.16. Any output-oblivious classical query algorithm computing n×n1531

Boolean matrix-multiplication with T queries and space S with success probability more1532

than 1/(2T ) must have cumulative memory that is Ω(n6/T ).1533

Proof. Using Lemma 6.14 we can apply Proposition 4.16 with m′(n) = n2,1534

h(k, n) = (2ϵ/15)
√
kn, and K(n) = 2γ/2 to get that the cumulative memory must be1535

Ω(min(n6/T, n4)) = Ω(n6/T ) as T must be Ω(n2).1536

Using the same proof idea as in Corollary 5.5, the bounds in Theorems 6.5 and 6.151537

immediately imply lower bounds for Boolean matrix squaring.1538
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Fig. 4. Comparison of our lower bounds for Boolean matrix multiplication with those of prior
work for both quantum and classical computation. The shaded region comes from the fact that the
time must always be Ω(n2). The endpoints mark choices of parameters where the upper and lower
bounds match.

Corollary 6.17. Any quantum circuit computing n×n Boolean matrix squaring1539

on all inputs with T queries, space S, and success probability more than 2−S must have1540

T that is Ω(n2.5/S1/4). Any such output-oblivious classical query algorithm must have1541

T that is Ω(n3/S1/2). Quantum and classical circuits for Boolean matrix squaring1542

with success probability larger than 1/(2T ) must have cumulative memories Ω(n10/T 3)1543

or Ω(n6/T ) respectively.1544

6.2. Boolean matrix-vector product. Finally, we discuss the problem of1545

quantum computation of Boolean matrix-vector product and the closely-associated1546

problem of systems of linear inequalities. Here, rather than producing quantitative1547

improvements which seem unlikely, we focus on a qualitative improvement in existing1548

results.1549

Though [3] does not contain an explicit theorem statement on time-space tradeoffs1550

for Boolean matrix-vector products that is the analog of the linear algebra bound in1551

[4] or our Theorem 4.1, [3] contains the claim that analogous results do indeed hold1552

for this problem using the same ideas. (The lower bound would be a factor n smaller1553

than the lower bound for linear algebra.)1554

For quantum circuits, Klauck, Špalek, and de Wolf [31] prove the following results1555

for computing Boolean matrix-vector products. (They also prove a similar result for1556

the case of output-oblivious classical query algorithms, though that does not apply to1557

unconstrained branching programs.)1558

Proposition 6.18 (Theorem 23 in [31]). For every S in o(n/ log n), there is an1559

n× n Boolean matrix A(S) such that every bounded-error quantum circuit with space1560

at most S that computes Boolean matrix-vector product A(S) • x in T queries requires1561

that T is Ω(
√
n3/S) = Ω(n1.5/S0.5).1562

This result is weaker than a standard time-space tradeoff since the function1563

involved is not independent of the circuits that might compute it. In particular, [31]1564

does not find a single function that is hard for all space bounds, as the matrix A(S)1565

that they use changes depending on the value of S. Because [31] does not express1566
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this dependence in the statement of their results, we provide a detailed discussion of1567

their arguments to make the need for that dependence clear. We will also need their1568

definitions in our results.1569

For S = o(n/ log n), the matrix A(S) is produced via the probabilistic method1570

using the following distribution: Choose k to be a sufficiently large constant multiple of1571

S. This distribution chooses matrices A ⊆ {0, 1}n×n by selecting a uniformly random1572

subset of n/(2k) positions in each row to set to 1, with the remainder of the entries in1573

each row being 0. They show that with positive probability over the choice of A, for1574

all sets I ⊆ [n] of size k, at least k/2 of the rows of AI contain at least n/(6k) 1’s that1575

are unique in their column of AI ; that is, those columns are 0 in all of the k − 1 other1576

rows of AI . A
(S) is then some fixed matrix for which this property is true.1577

More precisely, when we fix a row j ∈ I and the n/(2k) columns where it is 1, the1578

expected number of the (k − 1)n/(2k) < n/2 1’s among the rows in I \ {j} that land1579

in those n/(2k) columns is less than n/(4k). By a Hoeffding bound, the number of1580

those 1’s is at most n/(3k) except with probability exponentially small in n/k, which1581

is n−ω(1) since k = O(S) = o(n/ log n). Hence, except with probability n−ω(1), a row1582

j ∈ I is good for I in that at least n/(2k)− n/(3k) = n/(6k) of the 1’s in row j are1583

unique in their respective columns in AI . For a fixed I, the probability that there is1584

no J ⊆ I of size k/2 all of whose rows are good for I is less than the probability that1585

there are k/2 rows of I that are not good for I. This happens with probability at most1586

n−ω(k) since are at most
(

k
k/2

)
such subsets of rows of size k/2, each of which is not1587

good for I with probability n−ω(k) (and the probabilities are negatively associated).1588

Since there are only
(
n
k

)
choices of I, the total probability that A does not have desired1589

properties is only n−ω(k).1590

The proof of Proposition 6.18 follows from the usual time-space lower bound1591

methodology and the following lemma:1592

Lemma 6.19. There is an α > 0 such that for every quantum circuit C that makes1593

at most α
√
kn queries to x ∈ {0, 1}n, the probability that C produces at least k correct1594

output values of A(S) • x is at most 2−Ω(k).1595

Proof. Let I ⊆ [n] be the set of indices of the first k outputs of A(S) • x produced1596

by C. Let J ⊆ I be the set of size k/2 rows that are good for I guaranteed by the1597

properties of A(S). We show that the probability that C produces all outputs even1598

for the rows in J is exponentially small in k: For each row j ∈ J there is a set Cj of1599

n/(6k) columns of A
(S)
I where the unique 1 is in row j. Consider the restriction to1600

input vectors x ∈ {0, 1}n that are 0 outside of
⋃

j∈J Cj . Then the outputs for j ∈ J1601

are a direct product of k/2 OR functions of size n/(6k) on the bits of
⋃

j∈J Cj . By a1602

strong direct product theorem for OR (Theorem 14 of [31]), for ε a sufficiently small1603

constant, any circuit of height at most ε(k/2)
√
n/(6k) = ε

√
kn/24 is correct with1604

probability at most 2−γk for some constant γ > 0.1605

On the algorithmic side, we have the following:1606

Proposition 6.20. For every c > 0 and every Boolean matrix A ∈ {0, 1}m×n1607

there is a quantum circuit using space O(log n) and time O(mn1/2 logm) that computes1608

Boolean matrix-vector product A • x with error at most m−c. More precisely, the1609

algorithm runs in time O(|A|1/2 logm) where |A|1/2 =
∑m

i=1

√
|Ai|1.1610

Proof. For each row in turn, run Grover’s algorithm to compute the OR of the1611

bits indexed by the 1’s of Ai, the i-th row of A with probability of error at most m−c−11612

per row for a total error of at most m−c.1613
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We note that for the fixed matrix A(S), each row has Θ(n/S) 1’s so |A(S)|1/2 =1614

Θ(n3/2/S1/2). This is an odd situation in that the matrix A(S) designed to require1615

large time for space S algorithms can be solved in nearly the same time bound by1616

space O(log n) algorithms.1617

Systems of linear inequalities. The same space-dependent matrix A(S) in Proposi-1618

tion 6.18 was also used in [7] for systems of inequalities.1619

Proposition 6.21 (Theorem 11 in [7]). Let b⃗ be the length n all-b vector. For1620

every S in min(O(n/b), o(n/ log n)) there exists an n × n Boolean matrix A(S) such1621

that every bounded error quantum circuit with space at most S that decides the system1622

A(S)x ≥ b⃗ of n inequalities requires that T is Ω(
√
bn3/S).1623

Similar to [31] this matrix is used so that any quantum circuit that computes A(S)x ≥ b⃗1624

can be broken down into slices that solve independent instances of the b-threshold1625

function.1626

Our results. Using Proposition 6.18, we can obtain a time-space tradeoff lower1627

bound for quantum computation of Boolean matrix-vector product that has an only1628

slightly weaker lower bound in terms of the matrix dimensions but, unlike the previous1629

bound, defines a fixed computational problem whose definition is independent of the1630

space bound allowed.1631

Theorem 6.22. There is a fixed m× n Boolean matrix A with m ≤ n log2 n such1632

that for every S that is o(n/ log n) every bounded-error quantum circuit with space at1633

most S that computes Boolean matrix-vector product A • x in T queries requires that1634

T is Ω(
√
n3/S).1635

Proof. The matrix A consists of a stacked version of the matrices A(Si) from1636

Proposition 6.18 for each choice of Si = 2i log2 n and 0 ≤ i ≤ log2 n−2 log2 log2 n−ω(1).1637

Any quantum circuit computing A • x using space S must compute A(Si) • x for some1638

Si where Si ≤ S is within factor of 2 of S. It is easy to see that the construction of1639

A(S) for Proposition 6.18 is flexible in terms of the constant factor by which k exceeds1640

S and hence computing matrix A(Si) • x also requires time T that is Ω(
√
n3/S) as1641

required.1642

Systems of linear inequalities. This same matrix A can be substituted into Propo-1643

sition 6.21 to obtain a time-space tradeoff for systems of inequalities.1644

Corollary 6.23. Let b⃗ be the length n all-b vector. There is a fixed m×n Boolean1645

matrix A with m ≤ n log2 n such that for every S in min(O(n/b), o(n/ log n)) every1646

bounded error quantum circuit with space at most S that decides the system Ax ≥ b⃗1647

requires T that is Ω(
√
bn3/S).1648

7. Directions and open problems.1649

Boolean matrix multiplication. The quantum time-space tradeoff lower bounds for1650

Boolean matrix problems, both our improved bounds and prior work, apply only to1651

output-oblivious algorithms, unlike our lower bounds for algebraic problems. This is1652

primarily due to the fact that all the lower bounds only use the strong direct product1653

theorem given in Proposition 6.4 as a black box. To obtain a more general lower bound1654

tradeoff, one would need a much more flexible kind of exponential probability decay1655

bound that works for any individual sequence of k output values, even with partial1656

information that is the result of a bounded number of quantum queries.1657

Further, to extend the quantitative lower bounds we prove in Theorems 6.5 and 6.151658

to arbitrary input-independent output orders, one would also need a single fixed input1659
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distribution for the entire branching program, rather than one that depends on the1660

outputs being produced. The probability distribution with independent n−1/2-biased1661

coins used in Abrahamson’s unrestricted classical lower bounds in Proposition 6.21662

cannot yield such bounds since his weaker bounds are essentially optimal in expectation1663

for this distribution. It seems likely that any such distribution will need some sort of1664

dependence between the rows A and columns of B; otherwise, for example, relatively1665

inexpensive estimates for the density of 1’s in the rows of A and columns of B could1666

be used to provide good predictions for all output values.1667

We also note that, though our lower bounds in Theorems 6.5 and 6.15 are optimal1668

at the extremes of time and space, and hence for any fixed power relationship between1669

time, space and input size (see Figure 4) we still do not know whether our lower1670

bounds are optimal between the extremes: Can algorithms match our lower bounds1671

when the space is in a middle range such as S ∈ [nε, n2−ε].1672

Bucketing for other multi-output problems. There are a number of other classical1673

time-space tradeoff lower bounds for multi-output functions such as those in [2, 10, 34,1674

36] but no quantum time-space tradeoff lower bound is known. Can one use recording1675

queries together with the bucketing methods that we introduce to prove analogous1676

quantum lower bounds for these problems?1677

Single-output functions. Though there are some methods for classical time-space1678

tradeoff lower bounds for single-output functions such as [11, 5, 14, 37, 30], there1679

are no time-space tradeoff lower bounds known for quantum algorithms computing1680

any single-output function. For example, is there any natural single-output problem1681

where (1) quantum algorithms with unrestricted space require only a substantially1682

sublinear number of queries, or otherwise beat the best classical algorithms, while (2)1683

space-restricted quantum algorithms cannot? Problems such as collision-finding and1684

element distinctness seem natural candidates for such tradeoffs.1685
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Appendix A. Deterministic query algorithms.1846

Here we review the matching time-space space tradeoffs that match our quantum1847

and classical lower bounds. Most of these results were mentioned in [4] but are more1848

fully sketched here. In the following, for simplicity, we describe versions of several of1849

these algorithms over finite fields rather than finite subsets of size d over arbitrary1850

fields. For the more general case, the output values are sums of products of input1851

values and may take more bits to represent; because of this the log p in our bounds1852

below can be replaced by O(max(log d, log n)).1853

The first gives classical algorithms for matrix-vector products matching Theo-1854

rem 4.1.1855

Proposition A.1. Let A be any n × n matrix over a finite field Fp. For any1856

S ∈ [log2 n, n log2 p] there is a deterministic classical query algorithm computing the1857

matrix vector product f(x) = Ax for all inputs x ∈ Fp that uses space S and only1858

O(n2 log p /S) queries to the input.1859

Proof. Let s = S/ log2 p. The query algorithm (which has the matrix A encoded1860

in it) reads one entry of the input x at a time and maintains a block of s different1861

partial sums (using s log2 p space). This algorithm produces S outputs every n queries1862

and thus produces all outputs with n2/s = n2 log2 p /S queries.1863

Note that in the special case of computing the Discrete Fourier Transform (Corol-1864

lary 4.6), this deterministic query bound can be made explicit using standard opera-1865

tions:1866

Proposition A.2 ([38]). There is a deterministic classical algorithm computing1867

the Discrete Fourier Transform (DFT) DFTn(x) = Wx using space S ≥ log2 n and1868

time O(n2/S + n logS).1869

Proof. Assume without loss of generality that S and n are powers of 2 and we1870

have O(S) space. This follows by evaluating the graph of the fast Fourier transform1871

(FFT) algorithm for computing the DFT as shown in Figure 5. In a single pass over1872

the input x in O(n+ S logS) time the algorithm can compute the values of S of the1873

outputs using space O(S) as follows: while maintaining log2(n/S) ≤ S entries for1874

the depth-first evaluation of each subproblem at depth log2 S and uses space 2S to1875

iterate through the top log2 S levels which are evaluated together in a size S FFT1876

computation. This pass is repeated for each of the n/S such blocks in turn.1877

The following deterministic algorithms for convolution match Corollary 4.8.1878

Proposition A.3. For any S ∈ [log2 n, n log2 p] there is a deterministic classical1879

query algorithm that computes the convolution f(u, v) = u ∗ v where u, v ∈ Fn
p that1880

uses S space and only O(n2 log p /S) queries.1881
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Fig. 5. The FFT graph with the space-efficient evaluations on one pass highlighted.

Proof. Let s = S/(2 log2 p). The indices of u, v and w = u ∗ v are reduced1882

modulo n. The query algorithm computes outputs wi, . . . wi+s of the convolution as1883

follows: Initialize wi, . . . wi+s to the value zero. First query and record the values of1884

vi−1, . . . vi+s−1. Then query values of u one at a time in increasing order (u1, u2, . . . un).1885

After reading uj , for each k ∈ {i, . . . , i+ s}, add uj · vk−j to the value of wk. Then1886

forget the value of vi+s−j and query the value of vi−j−1, remembering this value. After1887

all of u has been queried, we have that wk =
∑

j∈[n] ujvk−j which is the correct value1888

for these outputs. Repeating this procedure n/s times gives the convolution of u and1889

v using only S space and 2n queries per iteration. Since there are n/s iterations, we1890

get O(n2 log p /S) queries.1891

The algorithms below show that our matrix-inversion lower bound for upper-1892

triangular matrices in Corollary 4.14 cannot be improved for large space bounds, even1893

for deterministic query algorithms. This is open for small space bounds.1894

Proposition A.4. For any S ∈ [n log2 p, n
2 log2 p] there is a deterministic clas-1895

sical query algorithm computing the inverse f(A) = A−1 where A ∈ Fn×n
p is a unit1896

upper triangular matrix that uses S space and only O(n4 log p /S) queries.1897

Proof. Let s = S/(2n log p). We will produce columns j1, . . . js of A−1 as follows:1898

Let ej be the column vector with entry 1 at index j and 0 everywhere else. We use back1899

substitution to solve the systems Ax1 = ej1 , . . . , Axs = ejs by querying each entry1900

of A exactly once. In particular, the i-th entry of xk is 1−
∑

ℓ∈[n−i]Ai,n−ℓ+1xn−ℓ+11901

when i = k and −
∑

ℓ∈[n−i]Ai,n−ℓ+1xn−ℓ+1 otherwise. We start by computing the1902

n-th entry of each xk and work backward toward the first entry. We record each1903

entry of each xk as is it computed for use in the subsequent computational steps.1904

Note that the i-th entries of all the xk only require making queries to the i-th row1905

of A and so all the xk can be computed with only O(n2) queries. Finally, each xk is1906

output as the jk-th column of A−1. This procedure uses O(n2) queries and at most1907

S space to produce s columns of the output. Thus the procedure must be repeated1908

n/s = 2n2 log p /S times to produce all n columns of output. This gives a total query1909

complexity of O(n4 log p /S).1910

The following give the deterministic algorithms matching our matrix-multiplication,1911

Boolean matrix-multiplication (Theorems 5.1 and 6.5) and squaring lower bounds1912

(Corollaries 5.5 and 6.17).1913

Proposition A.5. There are deterministic query algorithms for n × n Matrix1914

Multiplication over Fp using space S that make O(n3
√
log p/

√
S) queries. Further,1915

O(n3/
√
S) queries suffice for deterministic algorithms using space S to compute n× n1916
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Boolean Matrix Multiplication.1917

Proof. Let s = S/(3 log p). We partition each input matrix A and B into
√
s×
√
s1918

blocks Aij and Bij for i, j ∈ [ℓ] where ℓ = n/
√
s. We compute the

√
s ×
√
s blocks1919

Cij of the product as follows: Initialize the block Cij to 0. For k = 1 to ℓ, query all1920

entries of Aik and Bkj and add their product AikBkj to Cij . The 3 matrices Aik, Bkj ,1921

and Cij together require space S since each entry can be expressed using log p bits.1922

The total number of queries to compute Cij is n
√
s and there are ℓ2 = n2/s blocks to1923

compute for a total of n3/
√
s = O(n3

√
log p/

√
S) queries as claimed.1924

The query algorithm for Boolean Matrix Multiplication is analogous with s = S/31925

and entry-wise ∨ instead of addition.1926

Finally, we see that the matrix triple-product and cubing lower bounds in Corol-1927

laries 4.12 and 4.13 have matching deterministic query algorithms.1928

Proposition A.6. For any S ∈ [log2 n, n
2 log2 p] there is a deterministic classi-1929

cal query algorithm computing the Matrix Triple Product f(A,B,C) = ABC where1930

A,B,C ∈ Fn×n
p that uses S space and only O(n4 log p /S) queries.1931

Proof. Let s = S/(4 log p). We view the product ABC as (AB)C and use the1932

same strategy as in Proposition A.5 to compute partial products of (AB) and then1933

ABC. We partition the input, partial product, and output matrices into blocks1934

Aij , Bij , Cij , (AB)ij , and (ABC)ij for i, j ∈ [ℓ] where ℓ = n/
√
s. To compute (AB)ij1935

we initialize the values in the block to zero. Then, for each k ∈ [ℓ], we query each1936

Aik and Bkj and then perform the multiplication of these submatrices, adding the1937

result into (AB)ij . After iterating over all k, we have computed the value of (AB)ij .1938

Now to compute (ABC)ij we start by initializing the values in (ABC)ij to zero. For1939

each k ∈ [ℓ], we first compute (AB)ik as a subroutine and then query Ckj and add the1940

partial product (AB)ikCkj into (ABC)ij . After iterating over all k, we have computed1941

the block (ABC)ij . This query algorithm stores at most 4 different
√
s×
√
s blocks at1942

any time step. It requires
√
sn queries to compute each (AB)ij and needs to compute1943

n/
√
s such blocks for each (ABC)ij . Adding the

√
s queries to C needed to compute1944

(ABC)ij gives n
√
s(1 + n/

√
s) total queries to compute each block (ABC)ij . Since1945

there are n2/s such blocks, we get O(n4/s) or O(n4 log p /S) queries.1946

Appendix B. When do good bucket reduction schemes exist?.1947

Our definition of t-reduction schemes for c-admissible buckets requires that there1948

is a way to select c-admissible buckets for any quantum state |ϕt⟩ defined over Γt. In1949

this section we show that a much simpler combinatorial property of the admissible1950

buckets is sufficient to yield such schemes. As noted in section 3, none of the lower1951

bounds for specific functions that we prove require the methods in this section.1952

To motivate this property, for any G ⊆ Γt, we can consider a state |ϕGt ⟩ =1953 ∑
x∈G

1√
|G|
|x⟩, the uniform superposition over G. A t-reduction scheme of c-admissible1954

buckets for q with size ℓ must yield a set B = BG of c-admissible buckets for q of1955

size ℓ such that ∥Π⋃
B∈BG

B |ϕGt ⟩∥ ≥
√
3/2. In particular, since |ϕGt ⟩ is a uniform1956

superposition,
⋃

B∈BG
B must contain at least a 3/4 fraction of the elements of G.1957

This naturally leads us to the following definition:1958

Definition B.1. Let q be a partial assignment of k output values. We say that q1959

satisfies the (c, ℓ, t) admissible bucket covering property for q if, for every subset G of1960

Γt, there is a set of at most ℓ c-admissible buckets for q that contain at least a 1/
√
21961
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fraction11 of the elements of G.1962

We will see that merely having such a property is sufficient to yield a reduction scheme1963

that is not much larger and works for any state |ϕt⟩ defined over Γt.1964

Lemma B.2. Let f be a function defined on Dn. Let c > 1 and q be a partial1965

assignment of k output values of f . If the (c, ℓ, t) admissible bucket covering property1966

holds for q then there is a t-reduction scheme of c-admissible buckets for q with size1967

O(tℓ log(ne|D|/t)).1968

Proof. Let |ϕt⟩ =
∑

x∈Γt
αx |x⟩ be a quantum state. For λ = 21/12, partition Γt1969

into subsets Γ1
t ,Γ

2
t , . . . such that Γi

t contains the x ∈ Γt such that |αx| ∈ (λ−i, λ−(i−1)].1970

Let κ = 24 + ⌈6t log2(ne|D|/t)⌉ and let E =
⋃

i>κ Γ
i
t be the portion of |ϕt⟩ not1971

associated with the first κ sets of elements of Γt. The norm of the projection of |ϕt⟩1972

on E (in other words ∥ΠE |ϕt⟩∥) is at most1973

√
|E| · λ−κ ≤

√
|Γt| · λ−κ =

( t∑
j=0

(
n

j

)
|D|j

)1/2

2−κ/12(B.1)1974

≤
(ne|D|

t

)t/2
2−κ/12 ≤ 1/41975

1976

by our definition of κ. The reduction we construct will definitely leave this “error”1977

portion of |ϕt⟩ uncovered.1978

Associated with each Γi
t for i ∈ [κ], we apply the (c, ℓ, t) admissible covering1979

bucket property for q twice. The first yields at set of ℓ c-admissible buckets for q1980

that together contain at least 1/
√
2 fraction of the elements of Γi

t; we then apply the1981

property to the ≤ 1−1/
√
2 fraction of elements of Γi

t that were not covered by the first1982

application. Together we obtain a family Bi, of size at most 2ℓ that contains a subset1983

Gi consisting of at least a 1√
2
+ 1√

2
(1− 1√

2
) =
√
2− 1/2 fraction of the elements of Γi

t.1984

The set of c-admissible buckets for q associated with |ϕt⟩ in the t-reduction scheme is1985

B =
⋃

i∈[κ] Bi. The size of this family is at most 2κℓ which is O(tℓ log(ne|D|/t)) as1986

claimed.1987

It remains to prove that at most amplitude 1/2 is left after removing the portion1988

of |ϕt⟩ covered by B. For each Bi, which contains the elements of Gi for i ≤ κ, we have1989 ∑
x∈Gi

|αx|2 ≥ (
√
2− 1/2) · |Γi

t|λ−2i.1990

As we know that for all x ∈ Gi, |αx| ≥ λ−i and |Gi| ≥ (
√
2− 1/2)|Γi

t|. Next we can1991

use that for all x ∈ Gi, λ
i−1 ≥ |αx| to get1992 ∑

x∈Gi

|αx|2 ≥ λ−2(
√
2− 1/2) ·

∑
x∈Γi

t

|αx|21993

= (21/3 − 2−7/6) ·
∑
x∈Γi

t

|αx|2.1994

1995

Now let Γ′
t =

⋃
B∈B B. Since |ϕt⟩ is a normalized vector supported by basis state in1996

11While a 3/4 fraction of the elements are covered by a t-reduction scheme of c-admissible buckets,
we do not need to cover the same fraction of elements in this definition. We choose a fraction that is
more convenient here.
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Γt,1997

∥ΠΓ′
t
|ϕt⟩∥2 =

∑
i∈[κ]
x∈Gi

|αx|21998

≥ (21/3 − 2−7/6)
∑
i∈[κ]

x∈Γi
t

|αx|21999

= (21/3 − 2−7/6) ∥ΠΓt\E |ϕt⟩∥
2.20002001

Now since |ϕt⟩ is a quantum state with a 2-norm of 1 and all of its amplitude is on2002

basis elements in Γt, we have that ∥ΠΓt\E |ϕt⟩∥2 + ∥ΠE |ϕt⟩∥2 = 1 and so the above2003

can be rewritten as2004

∥ΠΓ′
t
|ϕt⟩∥ = (21/3 − 2−7/6)(1− ∥ΠE |ϕt⟩∥2)2005

≥ (21/3 − 2−7/6) 15/162006

> 3/420072008

where the middle inequality follows directly from (B.1). This directly implies that2009

∥ΠΓt\Γ′
t
|ϕt⟩∥ < 1/2 as required.2010
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